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ABSTRACT OF VOLUME I 

Th i s  r e p o r t  cove r s  f o u r  s e p a r a t e  i n v e s t i g a t i o n s  bea r ing  on t h e  
s u b j e c t  of a n a l y t i c a l  and experimental  i n v e s t i g a t i o n  of f l u i d  a m p l i f i e r  
dynamic c h a r a c t e r i s t i c s .  

The f i r s t  i n v e s t i g a t i o n  i s  a t h e o r e t i c a l  e f f o r t  aimed a t  t h e  numerical  
s o l u t i o n  of t he  t ime-dependent incompressible  two-dimensional Navier- 
S tokes  equa t ions  f o r  t h e  c a s e  of a v iscous  j e t  i n  a n  a r b i t r a r y  f low f i e l d .  
A FORTRAN program h a s  been prepared and an i n i t i a l  computer run made f o r  
a n  i n i t i a l  s i m p l i f i e d  f low f i e l d ;  i t  i s  seen t h a t  s t r e a m l i n e  p a t t e r n s  can 
be ob ta ined  and i n t e r p r e t e d  p h y s i c a l l y  f o r  a sequence of t i m e  po in t s .  

The second i n v e s t i g a t i o n  i s  an  experimental  e f f o r t  aimed a t  e s t ab -  
l i s h i n g  realist ic dynamic t e s t  s t anda rds  f o r  NOR and NAND f l u i d  d i g i t a l  
a m p l i f i e r s .  The proposed test  c i r cu i t  comprises t w o  a c t i v e  l o g i c  l e v e l s  
bo th  upstream and downstream of t h e  t e s t  component; p re l imina ry  expe r i -  
mental  r e s u l t s  demonstrate  t h a t  t h e  proposed test  s t a n d a r d s  are both  
p r a c t i c a l  and u s e f u l .  

The t h i r d  i n v e s t i g a t i o n  i s  a t h e o r e t i c a l  a n a l y s i s  of  a pass ive  c i r c u i t  
c o n s i s t i n g  of a volume-terminated t ransmiss ion  tube ,  f o r  a v i scous  com- 
p r e s s i b l e  f l u i d .  The a n a l y s i s  ex tends  from s t e a d y - s t a t e  to a frequency 
cor responding  t o  t h e  o n s e t  of t r a n s v e r s e  a c o u s t i c  waves i n  t h e  tube. 

It  i s  shown t h a t  a l l  the  dynamic processes  can be desc r ibed  i n  terms 
of t h r e e  d imens ionless  parameters .  t he  c l a s s i c a l  Reynolds Number, t he  
Acous t ic  Reynolds Number and the  c l a s s i c a l  S tokes  Number, p l u s  t h e  a s p e c t  
r a t i o  of t h e  tube and t h e  volume r a t i o .  S i m i l a r i t y  l a w s  are de r ived  and 
p resen ted  f o r  t he  case of c o n s t a n t  f l u i d  a b s o l u t e  v i s c o s i t y  and for the  
case of c o n s t a n t  tube  d iameter .  

F i n a l l y  the  electrical analogy i s  examined, comparing t h e  s imple 
e l e c t r i c a l  analog c i r c u i t  f i r s t  t o  an  elementary f l u i d  theo ry  and then t o  
a c o r r e c t e d  f l u i d  theory.  C r i t e r i a  f o r  t he  v a l i d i t y  of t he  analogy are 
g iven ;  a l s o  i t  i s  seen  t h a t  t h e r e  are three p o s s i b l e  f l u i d  a n a l o g i e s ,  de- 
pending on whether  volume f low,  mass flow or weight  f low i s  chosen as t h e  
c u r r e n t  . 

The f o u r t h  i n v e s t i g a t i o n  is an  experimental  s tudy  of t h e  f e a s i b i l i t y  
of  a F l u i d  Cont ro l  Subsystem f o r  a hybrid Thrus t -vec to r -con t ro l  Servo- 
system. The hybr id  system comprises  a convent iona l  se rvovalve  and a c t u a t o r  
f o r  t h e  Power Subsystem, wh i l e  t h e  F lu id  Cont ro l  Subsystem h a s  an  electric/ 
f l u i d  command t r ansduce r ,  a f l u i d  posi t ion-f  eedback t r ansduce r  and a f l u i d  
o p e r a t i o n a l  a m p l i f i e r .  
by push-pul l  bel lows which a c c e p t  t h e  f l u i d  p r e s s u r e  o u t p l t  from t h e  opera-  
t i o n a l  a m p l i f i e r  and provide  the  f o r c e  inpu t  t o  t h e  servovalve.  
s t e a d y - s t a t e  l i n e a r i t y  i s  demonstrated exper imenta l ly  f o r  t h e  t r ansduce r s ,  
t h e  a m p l i f i e r  and f o r  t he  complete F lu id  Cont ro l  Subsystem. 

The i n t e r f a c e  between t h e  two subsystems i s  g iven  

S a t i s f a c t o r y  
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1.0 THEORETICAL AND EXPERIFENTAL STUDY OF DIGITAL FLIJID AMPLIFIER DYNAMICS 

The i n i t i a l  phase of  t h e  program i s  concerned w i t h  a t h e o r e t i c a l  and 
expe r imen ta l  s t u d y  o f  d i g i t a l  f l u i d  a m p l i f i e r  dynamics, t o  ex tend  t h e  company- 
funded work which has  l e d  t o  improved numerical t e c h n i q u e s  f o r  t h e  s o l u t i o n  
o f  t h e  time-dependent two-dimensional Navier-Stokes e q u a t i o n s  and t o  t h e  
concept ion  and s u c c e s s f u l  development of t he  axisymmetric focussed- j e t  MR 
amp1 i f ier. 

T h i s  phase covered a pe r iod  o f  f i v e  working weeks ,  from June 20 t o  
Auqiist 6 ,  1964. Following t h i s ,  t h e  work was r e d i r e c t e d  toward p r o p o r t i o n a l  
f l u i d  a m p l i f i e r s  t o  better f u l f i l l  t h e  requi rements  o f  NASA servosystems,  
p a r t  i cu 1 a rl y f o r  t h r u  s t -ve  c t o r -  con t ro  1. 

1.1 T h e o r e t i c a l  S tudy  of  Time-Dependent Viscous Jets by Numerical S o l u t i o n  
of  t h e  Navier-Stokes Equat ions  of Motion 

1.1.1 - I n t r o d u c t i o n  

The Navier-Stokes e q u a t i o n s  of motion f o r  a time-dependent two- 
d imens iona l  incompress ib le  v i s c o u s  f l u i d  a r e  s t r o n g l y  non- l inear  and admit  
few e x a c t  s o l u t i o n s ,  even f o r  s t e a d y - s t a t e  flow. A r a t h e r  complete d i s c u s s i o n  
o f  v i s c o u s  f l u i d  fundamentals i s  g iven  by S c h l i c h t i n g  
“Boundary Layer Theory,” Chap te r s  I t o  V. I n  r e c e n t  yea r s ,  numerical  t e c h n i q u e s  
have made cons ide rab le  advances and computers have i n c r e a s e d  i n  s i z e  and speed 
t o  t h e  p o i n t  where t h e o r e t i c a l  f l u i d  r e sea rch  c a n  be conce ived  t o  be c a r r i e d  
o u t  by numerical  s o l u t i o n s  r a t h e r  t h a n  by mathematical s o l u t i o n s ,  e x a c t  o r  
a ppro x i  ma t e , 

i n  h i s  well  known book,(Ref.l)  

I n  t h e  s tudy  of f l u i d  a m p l i f i e r  dynamic c h a r a c t e r i s t i c s ,  t h e  fundamental 
problem i s  t h a t  o f  t h e  dynamic behav io r  of  t h e  j e t  d u r i n g  t h e  t r a n s i e n t  swi t ch ing  
phase a s  it d e t a c h e s  from t h e  wa l l .  Furthermore, s i n c e  t h e  s m a l l e s t  s i z e  and 
power consumption ( i .e . ,  smal l  Reynolds Numbers) i s  s o u s h t  f o r  d i s i t a l  f l u i d  
a m p l i f i e r s ,  a s t u d y  o f  t h e  Navier-Stokes equa t ions  would y i e l d  t h e  d e s i r e d  
informat ion ,  because t h e s e  e q u a t i o n s  apply  e x a c t l y  t o  t h e  case  of t h e  v i s c o u s  
j e t  a t  smal l  Reynolds Numbers. 

1.1.2 Numerical S o l u t i o n  o f  Time-Dependent Viscous F l u i d  Problems 

1.1.2.1 P r i o r  Work i n  t h i s  F i e l d .  The most e x t e n s i v e  a t t empt  t o  so lve  
numeri ca 1 l v  a Dro blem o f  t ime-demndent two-sDace-dimensional incomDre ssi ble 
v i s c o u s  f low is  p robab ly  t h a t  r e b r t e d  i n  1963 by F r o m  and Harlow a t  Loa 
Alamos (Ref. 2, 3 ) .  
a r e  p r e s e n t e d  i n  t h e  Los Alamos r e p o r t s ,  such a s  t h o s e  reproduced he re  a s  
F i o u r e s  1.1-1, 2 and 3, which show t h e  development o f  a v o r t e x  street behind 
an o b s t a c l e ,  Q u a l i t a t i v e  agreement w i t h  experiment a p p e a r s  v e r y  good, and t h i s  
work must be cons ide red  t o  be a s u b s t a n t i a l  c o n t r i b u t i o n  t o  numerical  computation 
o f  v i s c o u s  f low problems. The growth, detachment and d i s s i p a t i o n  o f  t h e  Karman 
v o r t i c e s  can  be c l e a r l y  fol lowed i n  time from f i g u r e  t o  f i g u r e .  

A l a r g e  number o f  vo r t ex  street  p a t t e r n s  about  o b s t a c l e s  

1-1 
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However, t h e r e  a r e  s e v e r a l  r e a s o n s  f o r  d i s s a t i s f a c t i o n  w i t h  t h e  numerical  
The w a l l  boundary c o n d i t i o n  used, which has  t h e  g r e a t e s t  advantage procedure.  

of decoupl ing t h e  v o r t i c i t y  and s t r eam func t ion  p a r t s  o f  t h e  problem and t h e r e b y  
y i e l d i n g  a major computat ional  s i m p l i f i c a t i o n ,  does no t  correspond t o  t h e  c o r r e c t  
boundary c o n d i t i o n  excep t  i n  t h e  e a r l y  s t a g e s  o f  t h e  flow; consequent ly  t h e  flow 
about  t h e  o b s t a c l e  can be c o r r e c t  o n l y  u n t i l  t h e  v o r t i c i t y  gene ra t ed  a t  t h e  
o b s t a c l e  beg ins  t o  be f e l t  ( a p p r e c i a b l y )  a t  the w a l l s .  Th i s  i s  perhaps a l s o  one 
r eason  why t h e  p r e s s u r e  c a l c u l a t i o n s  on t h e  o b s t a c l e ,  r e q u i r e d  f o r  l i f t  and d r a g  
de te rmina t ion ,  a r e  a d m i t t e d l y  i n c o r r e c t .  The use o f  t h e  DuFort-Frankel p r o c e s s  
(see Appendix I )  h a s  t h e  advantage of pe rmi t t i ng  a l o n g e r  time step t h a n  t h e  
conven t iona l  e x p l i c i t  
f o r  comparable accuracy t h e  time s t e p  i n  t h e  former p r o c e s s  can be no longe r  t h a n  
t h a t  i n  t h e  l a t t e r .  In f a c t ,  t h e  a u t h o r s  do choose t h e  v e r y  small  time s t e p  t h a t  
s t a b i l i t y  c o n s i d e r a t i o n s  would r e q u i r e  f o r  the e x p l i c i t  process ,  and so r e c e i v e  
no compensation f o r  t h e  added complexi ty  o f  t h e  DuFort-Frankel process.  
non-use o f  an o v e r - r e l a x a t i o n  p r o c e s s  is  s u r p r i s i n g ;  t h i s  a l o n e  probably doubles  
o r  t r i p l e s  t h e  r e q u i s i t e  computation time. F ina l ly ,  t h e  problem i t s e l f  i s  some- 
what a r t i f i c i a l ,  because o f  t h e  p e r i o d i c i t y ,  t h e  use o f  moving w a l l s  t o  d r i v e  
t h e  flow, and t h e  r a t h e r  s p e c i a l  mesh-obstacle geometry. 

p rocess ;  however, it i s  shown by Pearson (Ref. 4 )  t h a t  

The 

We w i l l  now d i s c u s s  some o t h e r  computational r e s u l t s  t h a t  have been 
r e c e n t l y  r epor t ed .  
dimensional  problem of t h e  s t e a d y - s t a t e  flow of a v i s c o u s  incompressible  f l u i d  
p a s t  a f l a t  p l a t e ;  a l though  he inc luded  t h e  e f f e c t s  o f  a magnetic f i e l d ,  t h i s  
p robab ly  i n t r o d u c e s  no important  complicat ion i n  t h e  numerical  c a l c u l a t i o n .  
Although time-dependent e f f e c t s  were n o t  included, h i s  methods and r e s u l t s  a r e  
n e v e r t h e l e s s  o f  i n t e r e s t ,  because of h i s  discovery o f  a m a n s  o f  c o n t r o l l i n g  
t h e  i n s t a b i l i t y  a s s o c i a t e d  w i t h  t h e  boundary cond i t ions ,  a p e r n i c i o u s  e f f e c t  
t h a t  has  f r u s t r a t e d  p rev ious  a t t e m p t s  a t  numerical s o l u t i o n  of  such problems. 
Unfortunately,  Dix 's  d e v i c e  does n o t  correspond t o  fo l lowing  t h e  t i m e - h i s t o r y  
o f  an a c t u a l  f l ow c o r r e c t l y ,  but  it does provide v a l u a b l e  c l u e s  a s  t o  t h e  n a t u r e  
o f  t h e  t r o u b l e  and i t s  remedy. 

A t  M.I.T., Dix (Ref. 5 )  has so lved  numer i ca l ly  t h e  two- 

The time-dependent flow i n  a j e t  h a s  been c a l c u l a t e d  by Payne (Ref. 6 )  a t  
Manchester: a n  e x p l i c i t  e q u a t i o n  i s  used f o r  the t i m e  s t e p  p rocess  i n  t h e  
v o r t i c i t y  d i f f u s i o n  equa t ion ,  and v e l o c i t i e s  are ob ta ined  by a Green 's  funct ion-  
t y p e  formula i n v o l v i n g  an a r e a  i n t e g r a t i o n  of t h e  v o r t i c i t y .  An image method 
i s  used which s a t i s f i e s  boundary c o n d i t i o n s  only approximately.  

A groiip a t  t h e  U n i v e r s i t y  o f  Michigan,(Ref. 7 and 8). have computed t h e  two- 
dimensional  f low and t empera tu re  f i e l d s  f o r  some i d e a l i z e d  n a t u r a l  convect ion 
problems i n v o l v i n g  a v i s c o u s  f l u i d .  The e f f e c t s  o f  p r e s s u r e  a r e  neg lec t ed  so 
t h a t  s u b s t a n t i a l  s i m p l i f i c a t i o n s  c a n  be made i n  t h e  governing equa t ions .  
p a r t i c u l a r  i n t e r e s t  i s  t h e  d i s c u s s i o n  o f  t h e  e f f e c t  o f  added terms i n  t h e  
d i f f i i s i o n  equa t ion .  

Of 

The most r e c e n t  work by W i l k e s  (Ref. 9 )  of t h e  Michigan group i s  p a r t i c u l a r l y  
i n t e r e s t i n g .  f ie  e q u a t i o n s  d i f f e r  s l i g h t l y  i n  t h a t  t empera tu re  e f f e c t s  a r e  now 
i nc luded ;  however, t h i s  h a s  l i t t l e  e f f e c t  on t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n  
procedure - t h e  b a s i c  d i f f i c u l t i e s  s t i l l  a r i s e  from t h e  Navier-Stokes equa t ions .  



1.1.2.2 
funded research p r o j e c t  a t  t h e  Spe r ry  Rand Research C e n t e r  d u r i n g  t h e  p a s t  yea r  
h a s  yielded computat ional  methods, and computer programs, f o r  t h e  a n a l y s i s  o f  
time-dependent two-dimensional v i s c o u s  flow problems (Ref . 4). 

Recent Work a t  t h e  S p e r r v  Rand Research Center .  A company- 

Mathematically, t h e  problem i s  t h a t  of s o l v i n g  numer i ca l ly  a fou r th -o rde r  
p a r t i a l  d i f  f e r e n t i a l  equat ion,  i n  t h r e e  independent v a r i a b l e s ,  c o n t a i n i n g  non- 
l i n e a r  terms. 
v a r i a t i o n  o r  n o n - l i n e a r i t y ,  numerical  t echn iques  f o r  f o u r t h - o r d e r  e q u a t i o n s  o f  
biharmonic c h a r a c t e r  t end  t o  r e q u i r e  l a r g e  amoiints of computer t i m e :  a l s o ,  t h e  
presence of the non-l inear  terms t e n d s  t o  induce computat ional  i n s t a b i l i t i e s .  
Moreover, t h e  most n a t u r a l  boundary c o n d i t i o n s  t o  impose - t h o s e  i n  which 
v e l o c i t i e s  a r e  p r e s c r i b e d  a t  t h e  boundary - a r e  a l s o  among t h o s e  which a r e  t h e  
most d i f f i c u l t  t o  hand le  computat ional ly .  These v a r i o u s  d i f f i c u l t i e s  a r e  
i l l u s t r a t e d  i n  t h e  r e c e n t  work c a r r i e d  o u t  f o r  a s p e c i a l  ca se  o f  t h e  g e n e r a l  
problem by a group a t  Los Alamos ( d i s c u s s e d  above):  it was t h e r e  found necessa ry  
t o  approximate t h e  boundary c o n d i t i o n s  i n  a way which s e r i o u s l y  a f f e c t e d  accuracy,  
and a l s o  t o  t a k e  such sma l l  time s t e p s  ( f o r  r easons  o f  s t a b i l i t y  and accu racy )  
t h a t  t h e  computer t i m e  became excess ive .  

It i s  known t h a t  even wi thou t  t h e  added compl i ca t ions  o f  time 

The Spe r ry  program appea r s  t o  be a major s t e p  forward i n  a l l  o f  computer 
speed, s t a b i l i t y  and accuracy;  o f  course,  t h e  p rocess  o f  mod i f i ca t ion  and 
improvement i s  by no means a t  an end. The program pe rmi t s  a r b i t r a r y  p r e s c r i p t i o n  
o f  v e l o c i t i e s  a t  t h e  boundaries  o f  t h e  region.  So f a r ,  emphasis has  been placed 
on d e v i s i n g  a s u i t a b l e  g e n e r a l  method; e x t e n s i o n s  t o  permit  curved boundaries ,  
v a r i a b l e  mesh spac ings  i n  both space and time, o r  s a t i s f a c t i o n  o f  c i r c u i t a l  
cond i t ions  f o r  mult iply-connected r eg ions ,  have y e t  t o  be made. 

Most expe r imen ta t ion  w i t h  t h e  program has been i n  connec t ion  w i t h  a t e s t  
problem, whose e x a c t  so’.ution i s  known. 
a r e  obtained,  even w i t h  t ime-s t eps  up t o  50 times a s  g r e a t  a s  t h o s e  pe rmi t t ed  
by convent ional  s t a b i l i t y  l i m i t a t i o n s .  The g e n e r a l  method has  a l s o  been a p p l i e d  
t o  two problems whose s o l u t i o n s  a r e  not  known. 
i n j e c t i o n  o f  f l u i d  i n t o  a r e c t a n g u l a r  r n s i o n ;  t h e  f i n a l  r e s u l t  was v e r i f i e d  by 
rerunning w i t h  d i f f e r e n t  time meshes. 
c a r r i e d  o u t  a t  Reynolds numbers of 60 t o  600 ( t h e  Reynolds number being based 
on a r e c t a n g l e  s i d e  and the i n j e c t i o n  v e l o c i t y ) .  The o t h e r  problem i s  a t ime-  
dependent v e r s i o n  o f  t h e  well-known Karman d i s k  problem; a l though  t h i s  l a t e r  
problem is one-dimensional i n  n a t u r e  and so o f  a fundamental ly  s i m p l e r  n a t u r e ,  
t h e r e  is enough d i f f e r e n c e  i n  t h e  formal e q u a t i o n  s t r u c t u r e  t o  p rov ide  a good 
added t e s t  f o r  the method. R e s u l t s  f o r  t h e  i n j e c t i o n  problem a r e  g iven  i n  
r e fe rence  4 by Poarson; t h e  d i s k  problem r e s u l t s  a r e  d e s c r i b e d  i n  r e f e r e n c e  10 
by Pearson. 
i n  v i scous  time-dependent flow problems i s  g iven  by E s c h  (Ref. 11).  

Accuracies  o f  a f r a c t i o n  of a p e r c e n t  

One o f  them concerns t h e  

Computations have been s u c c e s s f u l l y  

An a l t e r n a t i v e  approach t o  t h e  hand l ing  o f  boundary c o n d i t i o n s  

A br i e f  summary of t h e  a n a l y t i c a l  work c a r r i e d  o u t  a t  t h e  S p e r r y  Rand 
Research Cen te r  and a t  Spe r ry  Utah p r i o r  t o  t h i s  c o n t r a c t  is g i v e n  i n  Appendix I. 

1.1.3 Numerical Proqram and P r e l i m i n a r y  R e s u l t s  

T h i s  p o r t i o n  o f  t h e  work was performed a t  t h e  Sperry Rand Research 
Center, Applied Mechanics Department. 
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The o b j e c t i v e  was t o  p repa re  a proqram f o r  t h e  numerical  s o l u t i o n  of t h e  
time-dependent two-dimensional incompressible  Navier-Stokes e q u a t i o n s  f o r  t h e  
c o n f i q u r a t i o n  shown i n  F iqu re  1.1.4. 
j e t  wid th  c shorild comprise a t  l e a s t  3 computinq cells. 

The power j e t  wid th  b and t h e  c o n t r o l  

The development and use o f  t h i s  proqram was t o  be aimed a t  s t u d i e s  o f  t h e  
e f f e c t s  of v a r i o u s  parameters,  i nc lud inq  most i m p o r t a n t l y  Re = Ub/$, 8 and u/U. 
To a lesser e x t e n t  t h e  e f f e c t s  o f  N/b, d, c, e x i t  c o n d i t i o n ,  and c o n t r o l  p u l s e  
shape were t o  be explored.  
o f  f lows, ex tend inq  from a time b e f o r e  c o n t r o l  i n p u t  ( t o  show s t e a d y  s t a t e  flow 
b e h a v i o r )  t o  a time when swi t ch inq  i s  e s s e n t i a l l y  complete. 
r e s u l t  w i l l  be p l o t s  o f  swi t ch ing  time, def ined i n  some p h y s i c a l l y  meaningful 
way and expres sed  i n  a p p r o p r i a t e  S t r o u h a l  Number d imens ion le s s  form, a g a i n s t  Re, 
under v a r i o u s  cond i t ions .  
i n s t a b i l i t i e s  and f l u c t u a t i o n s .  

Amonq t h e  r e s u l t s  were t o  be f u l l  time h i s t o r i e s  

Another form of 

Evidence was a l s o  t o  be o b t a i n e d  r e g a r d i n g  flow 

A s u f f i c i e n t  number o f  computer r u n s  were t o  be c a r r i e d  o u t  t o  a l low s t u d y  
The v a l u e s  o f  t h e  e f f e c t s  of Re, u/U, and ( t o  a lesser e x t e n t )  v b  v a r i a t i o n .  

u/U = 0.1, 0.2, ..., 1.0; and N/b = 20, 30, 40 and 50, were t o  be considered.  
The ranqe o f  R o f  p h y s i c a l  i n t e re s t  i s  100 t o  1000, and a t t e m p t s  were t o  be 
made t o  cover a s  much of t h i s  range a s  possible .  

The f l u i d  w i l l  be allowed t o  e x i t  a t  ei ther OP o r  AB; t h e  r e g i o n  AB i s  
p r e f e r r e d  f o r  c l o s e  s i m u l a t i o n  of p h y s i c a l  devices,  bu t  i n  some c a s e s  it may 
be d e s i r a b l e  t o  use  r e g i o n  OP i n  o r d e r  t o  ensure j e t  adherence t o  t h e  upper 
w a l l  i n  t h e  absence o f  a c o n t r o l  pulse .  

It  was decided t o  begin w i t h  a s l i g h t l y  modifiad geometry, i n  which t h e  
i n l e t  j e t  i s  h o r i z o n t a l ,  i n  o r d e r  t o  t r e a t  first a c a s e  v e r y  s i m i l a r  t o  problems 
i n  which t h e  Spe r ry  Rand Research Cen te r  has  had computat ional  experience.  
computat ional  f low f i e l d  i s  shown below: 

Tho 

___t 

Flow 7 
I n l e t  1 

Flow Domain 

P h y s i c a l l y ,  t h i s  work was in t ended  t o  provide e x a c t  time-dependent 
i n fo rma t ion  on t h e  a t t achmen t  o f  a v i s c o u s  f l u i d  j e t  t o  a p l ane  w a l l  and on i t s  
subsequent  switchinq-off  because of a t r a n s v e r s e  flow s t e p  o f  va ry ing  magnitude. 
The numerical  s o l u t i o n s  f o r  each time p o i n t  can be p l o t t e d  and l a i d  o u t  i n  
time sequence l i k e  f rames o f  a motion p i c t u r e ,  y i e l d i n q  d e t a i l e d  f low p a t t e r n s  
which a r e  imposs ib l e  t o  o b t a i n  experimental ly .  

A F o r t r a n  proqram was prepared and checked o u t  f o r  t h e  s o l u t i o n  o f  time- 
dependent two-dimensional incompressible  viscous flow problems i n  a r e c t a n g u l a r  
r e g i o n  compris inq 21 h o r i z o n t a l  c e l l s  and 11 v e r t i c a l  cells. The program was 
des igned  t o  be e f f i c i e n t  and f l e x i b l e ,  t o  f a c i l i t a t e  t h e  s o l u t i o n  f o r  v a r i o u s  



i n p u t  conf igu ra t ions .  It is  o n l y  necessary,  g e n e r a l l y ,  t:, modify and recompile  . 
t h e  s u b r o u t i r e  "DATA" f o r  each new c o n f i g u r a t i o n  o r  f o r  a change i n  program 
parameter such a s  c e l l  mesh s i z e ,  t o l e r a n c e s ,  e t c .  The o u t p u t  format makes 
r a p i d  a n a l y s i s  p o s s i b l e  and a l lows  d i r e c t  s k e t c h i n g  o f  t h e  s t r e a m l i n e s  on  t h e  
computer o u t p u t  s h e e t s .  
i s  given i n  Ficrure 1.1-5. The program i t se l f  i s  g iven  i n  Table 1.1-1. An i n i t i a l  
comDuter run h a s  been made f o r  t h e  boundary c o n d i t i o n s  sketched below: 

A c h a r t  i n d i c a t i n g  t h e  gene ra l  s t r u c t u r e  of t h e  program 

Flow 
Inlet 

- - Flow 
+ O u t l e t  

- Computing 
Mesh C e l l  

Th i s  i s  t h e  case  o f  t h e  s imple a t t a c h e d  j e t  which i s  s t a r t e d  from r e s t  and 
f o r c e d  by a r b i t r a r y  i n j e c t i o n  and e x t r a c t i o n  o f  flow a t  t h e  boundaries ,  as shown 
above. I n  t h i s  i n i t i a l  
computer run, ='' = 20 and t h e  time t = 0.9 was reached, so i n p u t  and o u t p u t  flow 
had b u i l t  up t o  n e a r l y  t h e i r  f i n a l  v a l u e s  from rest. The Reynolds Number (based 
on t h e  s i d e  o f  t h e  r e c t a n g u l a r  flow f i e i d )  was 100, which i s  c e r t a i n l y  i n  t h e  
phys ica l  v i s c o u s  flow regime. 
i nc losed  i n  Appendix 11. 
f low i n t o  a tank,  which has  an ' important  b e a r i n g  on t h e  p h y s i c a l  unde r s t and ing  o f  
f l u i d  "capacitance." 
F igu re  1.1-6 f o r  t = 0.1, t = 0.4, t = 0.7 and t = 0.9, d i s p l a y i n q  t h e  s t r e a m l i n e  
p a t t e r n  i n  t h e  r e c t a n g u l a r  flow f i e l d .  
( coun te rvor t ex )  i s  b u i l d i n g  up  i n  t h e  lower l e f t -hand  c o r n e r  o f  t h e  f low f i e l d  
a t  t = 0.09. 

The t i m e  dependence o f  t h e  j e t  had t h e  form 1- e-at . 

The a c t u a l  o u t p u t  s h e e t s  o f  t h i s  i n i t i a l  run  a r e  
These r e s u l t s  a p p l y  d i r e c t l y  t o  t h e  c a s e  of t h e  t r a n s i e n t  

Numerical s o l u t i o n s  a t  f o u r  t ime-po in t s  a r e  shown i n  

It i s  seen t h a t  r e v e r s e  c i r c u l a t i o n  

1.1.4 Recomrnenda t i o n s  

I n  view o f  t h e  s u c c e s s  achieved i n  t h i s  d i f f i c u l t  and s o p h i s t i c a t e d  
f i e l d ,  it i s  recommended t h a t  f u r t h e r  suppor t  be made a v a i l a b l e  t o  t h i s  
fundamental r e s e a r c h  e f f o r t ,  i n  o r d e r  t o  r each  a t i m e  unde r s t and ing  o f  t h e  
t r a n s i e n t  swi t ch inq  p rocesses  of t h e  v i s c o u s  jet. 
may be in t roduced  numer i ca l ly  w i t h o u t  d i f f i c u l t y  and t h e r e f o r e  "optimum" s w i t c h i n g  
speeds  and a l s o  j e t  s t a b i l i t y  c r i t e r i a  may be ob ta ined .  
t h a t  a p a r t i c u l a r  Reynolds Number w i l l  emer- a s  t h e  optimum f o r  t h e  s w i t c h i n g  
process ,  t h e r e f o r e  de t e rmin ing  t h e  f l u i d  dynamic " s c a l e "  o f  d i q i t a l  f l u i d  
a m p l i f i e r s .  Th i s  w i l l  a l s o  answer t h e  q u e s t i o n  o f  t h e  s m a l l e s t  s i z e  f o r  f l u i d  
a m p l i f i e r s ;  once t h e  Reynolds Number is given,  t h e  s i z e  w i l l  be determined f o r  
any qiven f l u i d  and jet v e l o c i t y .  

True "s tep" c o n t r o l  i n p u t s  

It i s  e n t i r e l y  probable  
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Figure 1.1-4 
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TIME-DEPENDENT VISCOUS JET WITH CONTROL 
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J. 

BVC 

Improve boundary v o r t i c i t i e s  

MAIN 

Advance time, compute stream 
funct ion on boundary 

44 

PEACE 

Improve i n t e r i o r  v o r t i c i t i e s  
using t h e  Peaceman Rachford 

method 

JI 
SOR 
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Write Results  

Figure 1.1-5 
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Table 1.1-1 

FORTRAN Program 

f o r  

Numerical Solut ion 

of 

Time-De pendent Incompressible 

Two- D i me n s i o na 1 Na v ie P S t o k e  s 

Equ a t i o  ns 
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SUBROUTINE BVC 

SUBRCUTINE BVC 
DIMENSION PSN ( 6  l r  31  1 r P S O ( 6 1 1 3  1) r P S M l (  6 11 3 1 1 r V N  ( 6 1  t 3 1  I t  VO( 6 1 ~ 3 1 )  t 

l V M l ( 6 1 r 3 1 1  r V M S (  6 1  1 3 1  I ,  V T ( 6  1 9  ?1) r f )PSL(  3 1). BPSR t 3 1  1, BPSB (61)  r BPST ( 6 1  
2 )  9 RPSNLt 3 1 )  rBPSNR ( 3 1  ) r  BPSNB (61 1 r B P S N f [  6 1 )  

PSN rPSOr P S H l  r V N  r VO r V C S  9 689  A C  * A D  r A E  t AF, 4 G t  AH r N t N M l r  NC2t  NM3rH 
1, M M 1  eMM2 r MM3,  K5 9 K 6  t K 7 r N  I ,  I I C2 9 NP,NDTrNDTF t O X  9 DT 9 TMAXt CI COI COA t DAP t 
COMMGN 

600 DO 6C2 J = 2 r N N 1  
H2LP'-4. *PSN( 2 r J 1-• 5ePSN ( 3 9  J )+PSN ( 1 9  J + l  )+PSN( 1 t J-1) 

1 - 5.5+PSN( I r N ) - 3 * * D X * P S M l (  I r N )  

RETURN 
END( 1 r O r O r  01 0 ,  1.1 r O  rO r 1 r O  r 0,OrO (0) 
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. - _- BPST( I l=O. 
E P S N E ~ I  ) = o .  

22 BPSR( J 1 =BPSL( J 1 
RETURN 

2 RETURN 

_- 

- E NO( 1-, or0 bi3i-d~tTr;Uiiu. I, 0.0,o 4u , 0 7 - 
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SUBROUT I N E '  PEACE 

S b B R O U T I N E  PEACE 

1 0 5  DO l C 9  J=2rNW1 

P R C ( I ) =  -AD + PSAST 

L=MMl-K 

D O  111 J = 2 t N M 1  

PRC( J )=-AD-PSNPl 

DO 1 1 2  K=3rNM2 

113 K z l t N N 3  
L=NMl-K 
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SUBROUTINE SOR 

t OMYOV P SY 9 P SO, PSM 1 ( V N  t VO VMS t AB 8 AC t AD 9 AE t AF 9 AG t AH t N t N H 1  t “2 t NM 3 t 

2 0 0  II=O 

2 0 8  C O N T I N U E  

7 6 7  F U Y A T ( 7 7 H  SOR F A I I S  TO CnNVFRGF. T- F14- - - - - 2 6 2  WRITE OUTPUT TAPE 6 9 2 6 3 r T r  JJeEE 

1 E 1 4 . 6 )  
f F N t F  L T M  1 
R E T U R V  

296 I F O A P P ~ D A P 2 ~ ~ 0 0 0 0 0 0 1 1 2 9 ~ ~ 2 9 9 ~ 2 9 ?  

298 GO TO 2 0 1  

1 1 5 H  W A S  MET AFTER 1 4 r 8 H  SWEEPS.) 
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S T R E A M  F U N C T I O N  E 0 

S T R E A M  F U N C T I O N  = O  

\ 
2 50 

8 00 
N 
v) 
0 I \ 
I 130 

1052 T I M E  .4 

N 
In 
0 
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10 m 10 1070 m 

P f 
I300 

I 4 0 0  

1439 T I M E  .7 

S T R E A M  F U N C T I O N  = 0 

400  

0 

In 
m - 1200 

1400 

I594 T I M E  .9 

F I G .  1 . 1 - 6  S T R E A M L I N E  P A T T E R N  F R O M  
( A P P E N D I X  U )  

N U M E R I C A L  S O L U T I O N  
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1.2 Proposed Dynamic T e s t  S t anda rds  f o r  WR and NAND F l u i d  D i q i t a l  Ampl i f i e r s  
w i t h  Some P r e l i m i n a r y  Experimental  R e s u l t s  

1.2.1 I n t r o d u c t i o n  

There i s  a s c a r c i t y  o f  dynamic tes t  d a t a  f o r  d i g i t a l  f l u i d  a m p l i f i e r s  
i n  t h e  l i t e r a t u r e ;  fur thermore ,  such t e s t  d a t a  a s  a r e  a v a i l a b l e  a r e  n o t  based 
on  accepted t e s t  s t anda rds ,  which would a l low c o r r e l a t i o n  of  r e s u l t s  and 
computation of d imens ion le s s  pa rame te r s  such a s  some form of  S t r o u h a l  Number. 
(See 1.2.2.2.5 f o r  S t r o u h a l  Number d e f i n i t i o n .  ) 
p r o p o r t i o n a l  a m p l i f i e r s ,  it has  n o t  been found p o s s i b l e  t o  p r e d i c t  dynamic 
e f f e c t  (such a s  encountered  i n  a complex a c t i v e  c i r c u i t )  by t e s t i n g  t h e  component 
i n  a pu re ly  pas s ive  c i r c u i t :  t h i s  is due t o  t h e  v e r y  h igh  range  o f  f r e q u e n c i e s  
which a r e  e x c i t e d  by t h e  f a s t  swi t ch ing  t r a n s i e n t .  
parameters  a n a l y s i s  cannot  y i e l d  adequate  in fo rma t ion  under such cond i t ions ,  
w h i l e  it appea r s  t o  be u s e f u l  f o r  much s lower  ana log  a m p l i f i e r s  and c i r c u i t s .  
S t anda rd  test  procedures  must be a r r i v e d  a t ,  whereby r e a l i s t i c  t r a n s i e n t  
c o n d i t i o n s  a r e  imposed on t h e  t e s t  u n i t ,  both on t h e  i n p u t  and on t h e  o u t p u t  
s ide .  
i t  i s  considered necessa ry  t h a t  a minimum o f  two a c t i v e  l e v e l s  k p r e s e n t  both 
upstream and downstream o f  t h e  tes t  component, t o  b r i n g  o u t  any complex dynamic 
and a c o u s t i c  e f f e c t s  which may be p r e s e n t .  
Reynolds Number must be presented ,  t o  c o r r e l a t e  s t e a d y - s t a t e  f low pa rame te r s  w i t h  
t h e  dynamic time da ta .  

For  d i g i t a l  a m p l i f i e r s ,  u n l i k e  

A quas i - s t eady- s t a t e  lumped 

Since  t h e  t r a n s i e n t  e f f e c t s  c a n  feedback upstream and propagate  downstream, 

Furthermore j e t  Mach Number and 

1.2.2 Propo sed Dynami c T e s t  S t anda rds  

Dynamic t e s t  s t a n d a r d s  a r e  proposed i n  t h i s  paper  f o r  a l i m i t e d  c l a s s  
o f  d i s i t a l  f l u i d  a m p l i f i e r s ,  i.e., NOR and NAND a c t i v e  a m p l i f i e r s  w i t h  a maximum 
fan- in  o f  t h r e e  and a maximum fan-out  of  four .  The f an - in  and fan-out l i m i t a t i o n  
h a s  been imposed a r b i t r a r i l y  i n  o r d e r  t o  reduce t h e  expe r imen ta l  complexi ty  u n t i l  
s u f f i c i e n t  exper imenta l  d a t a  have been accumulated. The proposed test  c i r c u i t s  
a r e  shown i n  F igu res  1.2.2-1, 1.2.2-2 and 1.2.2-3 fo r  a fan- in  o f  one, two and 
t h r e e  r e spec t ive ly .  A v i s u a l  i n s p e c t i o n  of t h e  t es t  c i r c u i t s  shows t h a t  t h e r e  
a r e  always two a c t i v e  a m p l i f i e r s  bo th  ups t ream and downstream o f  t h e  tes t  u n i t ;  
a l l  u n i t s  a r e  meant t o  be i d e n t i c a l ,  o p e r a t i n g  a t  t h e  same supp ly  p re s su re .  
Also, i f  a fan- in  o f  one ( f o r  example) is  in t ended  f o r  t h e  t e s t  u n i t ,  t h e n  a l l  
u n i t s  have a fan-in of  one; i f  a fan-out  o f  t h r e e  ( f o r  example) is  in t ended  f o r  
t h e  tes t  u n i t ,  t h e n  a l l  u n i t s  have a fan-out  of t h r e e .  When m u l t i p l e  fan- in  i s  
used,  a s  i n  F iqure  1.2.2-2 and 1.2.2-3, o n l y  one i n p u t  i s  used dynamical ly ,  
wh i l e  t he  o t h e r s  a r e  kep t  ON o r  OFF i n  s t eady- s t a t e .  For a f an - in  o f  one and a 
fan-out  up t o  fou r ,  seventeen  a m p l i f i e r s  a r e  r e q u i r e d  by t h e  tes t  c i r c u i t ,  a s  
s een  i n  Fiqure 1.2.2-1. For  a fan- in  o f  two and a fan-out  up  t o  fou r ,  twenty- 
one  a m p l i f i e r s  a r e  r e q u i r e d  by t h e  tes t  c i r c u i t ,  a s  s een  i n  F igure  1.2.2-2. 
For a fan-in of  three and a fan-out  up t o  fou r ,  twenty- f ive  a m p l i f i e r s  a r e  
r e q u i r e d  by t h e  t e s t  c i r c u i t ,  a s  s een  i n  F igu re  1.2.2-3. 

1.2.2.1 T e s t  Procedure. The fo l lowing  p rocedures  a r e  common t o  a l l  
t h r e e  t e s t  c i r c u i t s  : 

a )  

b )  

Opera te  f l u i d  p u l s e  g e n e r a t o r  a t  v a r i a b l e  p u l s e  f requency  f ,  50% d u t y  
cyc le .  

In t e rconnec t ing  l i n e s :  c o n s t a n t  l e n g t h  L and d i ame te r  D f o r  a l l  lines.. 
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c )  Measure supply weight  flow W. 

d )  Measure supply chamber p r e s s u r e  Ps and dump p r e s s u r e  Pa; a l s o  
corresponding t empera tu res  T, and Ta. 

1.2.2.1.1 

a )  

1.2.2.1.2 

a )  

Standa rd  Test C i r c u i t  I - Fan-in of one (F igu re  1.2.2-1). 

Test f i r s t  w i t h  fan-out  o f  1, o m i t t i n g  components 2, 3, 4, 6, 
7, 8, 10, 11, 12, 14, 15 and 16. 

Next tes t  w i t h  fan-out  of 2, o m i t t i n g  components 2, 3, 6, 7, 10, 
11, 14 and 15. 

Next test  wi th  fan-out of  3, o m i t t i n g  components 2, 6, 10 and 14. 

F i n a l l y  t es t  w i t h  fan-out  o f  4, i n c l u d i n g  a l l  components as shown. 

% f o r e  each tes t ,  determine t h a t  c i r c u i t  1-5-9-13-17 i s  working 
p r o p e r l y  w i t h  t h e  f l u i d  p u l s e s  supp l i ed  by f l u i d  pu l se  g e n e r a t o r ;  
d i s p l a y  on o s c i l l o s c o p e  hot-wire s i g n a l  from flow meters 1 and 8. 
Determine maximum o p e r a b l e  p u l s e  frequency, f M e  f o r  each  c o n d i t i o n  
o f  fan-out. 

For each t e s t ,  d i s p l a y  hot-wire s i g n a l s  from flow meters 2 and 6, 
2 and 5, 2 and 4, 2 and 3, on o s c i l l o s c o p e  and r eco rd  on f i lm.  
Employ s e v e r a l  pu l se  f r equenc ie s ,  f ,  up t o  fM. 

From c a l i b r a t e d  o s c i l l o s c o p e  f i lm ,  t r a n s l a t e  v o l t a g e  vs time 
p l o t s  i n t o  flow r a t e  v s  t ime p l o t s  ( l lsing hot-wire c a l i b r a t i o n  
cu rve ) .  Test d a t a  may be fed d i r e c t l y  t o  a computer, which t h e n  
would perform t h e  f u n c t i o n s  below: 

Determine 10% and 9opb flow p o i n t s  on t h e  time s c a l e .  
Determine switch-ON time, tn, from 10% inpu t  t o  90% o u t p u t  flovv. 
Determine rise-time, t,, from 10% o u t p u t  t o  90% o u t p u t  flow. 
Determine switch-OFF time, tf,  from 90% i n p u t  t o  10% o u t p u t  

flow. 
Determine decay time, t d ,  from 90% o u t p u t  t o  10% o u t p u t  flow. 

Note t h a t  t h e  above a p p l i e s  t o  i n v e r s e  a m p l i f i e r s .  

Use d a t a  from f lowmeters  2 and 6, p rov ide  t h a t  3, 4 and 5 are i n  
r e a  sonab le  agreement. 

S t anda rd  T e s t  C i r c u i t  I1 - Fan-in o f  Two (F igure  1.2.2-2). 

Test f i r s t  w i t h  fan-out  o f  1, o m i t t i n g  components 6, 7, 8, 10, 
11, 12, 14, 15, 16, 18, 19 and 20. 

Next tes t  w i t h  fan-out of 2, o m i t t i n g  components 6, 7, 10, 11, 14, 
15, 18 and 19. 

Next t e s t  w i t h  fan-out  o f  3, o m i t t i n g  components 6, 10, 14 and 18. 

F i n a l l y ,  t e s t  w i t h  fan-out  of 4, i n c l u d i n g  a l l  components as  shown. 
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b)  For  NOR ga t e s ,  components 2, 3, 4 and 5 must be k e p t  i n  OFF 
condi ton;  cor responding  so leno id  v a l v e s  must be OPEN, a l lowing  
i n p u t  f low t o  t h e  r e s p e c t i v e  components. For  NAND g a t e s ,  
components 2,  3, 4 and 5 must be kep t  i n  ON c o n d i t i o n ;  cor responding  
so leno id  v a l v e s  must be CLOSED. 

c )  Before each tes t ,  de te rmine  t h a t  c i r c r i i t  1-9-13-17-21 i s  working 
p r o p e r l y  w i t h  t h e  f l u i d  p u l s e s  supp l i ed  by t h e  f l u i d  p u l s e  
qene ra to r ;  d i s p l a y  on o s c i l l o s c o p e  hot-wire  s i g n a l  from flow- 
meters 1 and 9. Determine maximum ope rab le  p u l s e  f requency,  f M ,  
f o r  each  c o n d i t i o n  o f  fan-out. 

d )  For each  t e s t ,  d i s p l a y  hot-wire s i g n a l s  from flowmeters 2 and 6, 
2 and 5, 2 and 4, 2 and 3 on o s c i l l o s c o p e  and r eco rd  on f i lm.  
Check flowmeter 7 f o r  s t e a d y - s t a t e  i n p u t  (zero f o r  NOR q a t e s ,  
p o s i t i v e  f o r  NAND g a t e s ) .  Employ s e v e r a l  p u l s e  f r e q u e n c i e s  f up 
t o  fF4. 

e )  From c a l i b r a t e d  o s c i l l o s c o p e  f i lm,  t r a n s l a t e  v o l t a g e  v s  time p l o t s  
i n t o  f low-ra te  v s  time p l o t s  ( u s i n g  hot-wire c a l i b r a t i o n  curve) .  
Tes t  d a t a  may be f e d  d i r e c t l y  t o  a computer, which t h e n  would 
perform t h e  f u n c t i o n s  below: 

Determine 10% and 90% flow p o i n t s  on t h e  time sca le .  
Determine switch-ON time, tn, from 10% i n p u t  t o  90% o u t p u t  flow. 
Determine rise-time, t,, from 10% o u t p u t  t o  90% o u t p u t  flow. 
Determine switch-OFF time, tf ,  from 90% i n p u t  t o  10% o u t p u t  

flow. 
Determine decay-time, t d ,  from 90% o u t p u t  t o  10% o u t p u t  flow. 

Note t h a t  t h e  above a p p l i e s  t o  i n v e r s e  a m p l i f i e r s .  

Use d a t a  from flowmeters 2 and 6, provided  t h a t  3, 4 and 5 a r e  i n  
r easonab le  agreement. 

For  NOR q a t e s ,  keep component 3 on ON c o n d i t i o n  ( s o l e n o i d  v a l v e  
c l o s e d )  and check o u t p u t  t r a n s i e n t  ori flowmeter 6 a g a i n s t  i n p u t  
p u l s e  on flowmeter 2. 
oritpiit o f  component 17 on flowmeter 8 i s  n o t  a f f e c t e d  by it. 
NAND q a t e s ,  keep component 3 i n  OFF c o n d i t i o n  ( so l eno id  v a l v e  
open)  and check o u t p u t  t r a n s i e n t  on flowmeter 6 a g a i n s t  i n p u t  
p u l s e  on flowmeter 2. 
ol i tput  of  component 17 on flowmeter 8 i s  n o t  a f f e c t e d  by it. 

Standard  T e s t  C i r c u i t  111 - Fan-in of Three (F iqu re  1.’2.2-3). 

f) 

T r a n s i e n t  i s  deemed t o  be n e g l i g i b l e  if 
For 

T r a n s i e n t  i s  deemed t o  be n e g l i g i b l e  i f  

1.2.2.1.3 

a )  Tes t  f i r s t  w i t h  fan-out  of 1, o m i t t i n g  components 10, 11, 12, 14, 
15, 16, 18, 19, 20, 22, 2 3  and 24. 

Next tes t  w i t h  fan-out  of 2, o m i t t i n g  components 10, 11, 14, 15, 
18, 19, 22 and 23. 

Next test  w i t h  fan-out  of  3, o m i t t i n g  components 10, 14, 18 and 22. 

F i n a l l y  t e s t  w i t h  fan-out  o f  4, i n c l u d i n q  a l l  components a s  shown. 
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b )  For NOR ga te s ,  components 2, 3,  4, 5 ,  6, 7, 8 and 9 must be k e p t  
i n  t h e  OFF cond i t ion ;  correspondinq so leno id  v a l v e s  must be 
OPEN, a l lowing  i n p u t  f low t o  the r e s p e c t i v e  components. For 
NAND q a t e s ,  components 2, 3, 4, 5 ,  6, 7, 8 and 9 must be kep t  i n  
t h e  ON cond i t ion ;  correspondinq so leno id  v a l v e s  must be CLOSED. 

c )  Before each  test, de te rmine  t h a t  c i r c u i t  1-13-17-21-25 i s  working 
p r o p e r l y  w i t h  t h e  f l i i i d  p u l s e s  s u p p l i e d  by t h e  f l i i i d  p u l s e  
g e n e r a t o r ;  d i s p l a y  on o s c i l l o s c o p e  hot-wire s i g n a l  from flowmeters 
1 and 10. Determine maximum operable  p u l s e  f requency,  fM, f o r  
each  c o n d i t i o n  o f  fan-out. 

d )  For each  test ,  d i s p l a y  hot-wire s i g n a l s  from f lowmeters  2 and 6, 
2 and 5, 2 and 4, 2 and 3 on o s c i l l o s c o p e  and r eco rd  on f i lm.  
Check flowmeters 7 and 8 f o r  s t e a d y - s t a t e  i n p u t s  ( ze ro  f o r  NOR 
g a t e s ,  p o s i t i v e  f o r  NAND ga t e s ) .  Employ s e v e r a l  p u l s e  f r equenc ie s ,  
f ,  up t o  fM. 

e )  From c a l i b r a t e d  o s c i l l o s c o p e  film, t r a n s l a t e  v o l t a g e  v s  time p l o t s  
i n t o  f low-ra te  vs  time p l o t s  ( u s i n s  hot-wire c a l i b r a t i o n  curve) .  

T e s t  d a t a  may be f e d  d i r e c t l y  t o  a computer, which t h e n  would 
perform t h e  f u n c t i o n s  below: 

Determine 10% and 90% flow p o i n t s  on t h e  time sca l e .  
Determine switch-ON time, tn, from 10% i n p u t  t o  90% o u t p u t  

f lovr. 
Determine rise-time, t,, from 10% o u t p u t  t o  90% o u t p u t  flow. 
Determine switch-OFF time, tf,  from 90% i n p u t  t o  10% o u t p u t  

flow. 
Determine decay  time, t d ,  from 90% o u t p u t  t o  10% o u t p u t  flow. 

Note t h a t  t h e  above a p p l i e s  t o  i n v e r s e  a m p l i f i e r s .  

Use d a t a  from f lowmeters  2 and 6, provided  t h a t  3, 4 and 5 are i n  
re a son a b l e  agreement . 
For NOR g a t e s ,  keep component 4 i n  ON c o n d i t i o n  ( so l eno id  v a l v e  
c l o s e d )  and check o u t p u t  t r a n s i e n t  on flowmeter 6 a g a i n s t  i n p u t  
p u l s e  on flowmeter 2. 
cond i t ion .  
component 21 on flowmeter 9 i s  n o t  a f f e c t e d  by it. 

For  NAND g a t e s ,  keep component 4 i n  OFF c o n d i t i o n  ( so l eno id  v a l v e  
open)  and check o u t p u t  t r a n s i e n t  on flowmeter 6 a g a i n s t  i n p u t  
p u l s e  on flowmeter 2. 
cond i t ion .  T r a n s i e n t  i s  deemed t o  be n e g l i g i b l e  i f  o u t p u t  o f  
componcnt 21 on flowmeter 9 i s  n o t  a f f e c t e d  by it. 

f )  

Repeat wi th  components 4 and 5 i n  ON 
T r a n s i e n t  i s  deemed t o  be n e g l i g i b l e  i f  o u t p u t  o f  

Repeat wi th  components 4 and 5 i n  OFF 

1.2 02.2 P r e s e n t a t i o n  of Data 

1.2.2.2.1 S t e a d y s t a t e  flow da ta :  

Supply  p r e s s u r e  PS 
Dump p r e s s u r e  Pa 
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1.2.2.2.1 S teady- s t a t e  f low d a t a :  ( con t inued)  

Supply t empera tu re  TS 

Dump tempera t t i re  Ta 
Weight flow w 

1.2.2.2.2 F l u i d  C h a r a c t e r i s t i c s :  

Name of  gas 

Absolute v i s c o s i t y  @ dump ,Ma 

Ra t io  o f  s p e c i f i c  h e a t s  1( 
Gas c o n s t a n t  R 

Mass d e n s i t y  @ dump 

S t ea dy- s t a t  e F low Pa rame ter  s : 

e a  

1.2.2.2.3 

Speed of sound 

P r e s s u r e  r a t i o  ps/Pa 

Temperature r a t i o  

Jet Mach Number 

Jet v e l o c i t y  U j  = M j  c 
u - b e  Jet Reynolds Number R e =  J a 

h a  
Ad iaba t i c  F l u i d  Power 

AFP = - 
11-1 

I t  i s  t o  be noted t h a t  t h e  j e t  v e l o c i t y ,  w i t h  i t s  concomi tan t  
Reynolds Number and Mach Number, i s  t h e  primary r e f e r e n c e  q u a n t i t y  
f o r  t h e  c o r r e l a t i o n  of time d a t a ,  r a t h e r  t h a n  t h e  mre supply  
press t i re  P, or t h e  p r e s s u r e  r a t i o  PJPa. 
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1.2 -2.204 Dynamic Time Data: 

a.  Fan-in of One 

b. Fan-in of THO L = . * . . * .  

C. Fan- in  o f  Three L=...... 
D = *  

D=...... 
Same a s  above. 

Same a s  above. 
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1 e2.2.2.5 
expressed  i n  t h e  form of S t r o u h a l  Numbers, w i t h  t ime o r  f requency  ( a s  a p p r o p r i a t e ) ,  - 
j e t  v e l o c i t y  and j e t  width.  

Dynamic Time Parameters:  The dynamic time parameters  w i l l  be 

S t  = u j t  
b 

Depending on t h e  r e s u l t s  of t h e  dynamic t e s t  d a t a  above, a summary t a b l e  of  time 
parameters  w i l l  be p re sen ted  below. 
n e g l i q i b l e  dependence on fan-out ,  t h e  fo l lowinq  t a b l e  w i l l  be compiled: 

For i n s t a n c e ,  assuming t h a t  t h e  times have 

1 Line Length L/b: 

Line Diameter D/b: '-pi 
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1.2.3 P re  1 imina ry  Experiment a 1 Re s u l  t s 

A p re l imina ry  expe r imen ta l  i n v e s t i g a t i o n  h a s  been c a r r i e d  o u t  t o  
e x p l o r e  t h e  u s e f u l n e s s  and p r a c t i c a b i l i t y  of t h e  proposed t es t  s tandards ,  u s i n g  
f i f t e e n  i d e n t i c a l  NOR a m p l i f i e r s  and twin  DISA hot-wire anemometers. 

1.2.3.1 Axisymmetric Focussed-Jet  NOR Ampl i f ie r .  The NOR device  used 
i n  t h e  i n v e s t i g a t i o n  is  t h e  a x i s y m e t r i c  focnssed- je t  a m p l i f i e r  developed p r i o r  
t o  t h i s  c o n t r a c t  by t h e  S p e r r y  Utah Company ( p a t e n t  pending) .  A t h i n  j e t  i s  
made t o  i s s u e  from an  annu la r  s l o t  o f  v e r y  high a s p e c t  r a t i o  Z!L! > 200 
inward a n g l e  w i t h  a base p l a t e :  a n  axisymmetric Coanda e f f e c t  b t akes  p lace ,  
f o r c i n g  t h e  j e t  t o  adhere  t o  the b a s e p l a t e  and t o  i s s u e  f o r t h  a s  a c e n t r a l  "focussed" 
s t ream. F igu re  1.2.3.1 shows t h e  d e t a i l  o f  t h e  f l u i d  i n t e r a c t i o n  r eq ion :  
t h e  j e t  wid th  is  approximate ly  o n l y  0.010" and t h e  c o n t r o l  wid th  i s  a l s o  0;OlO";  
t h e  j e t  ang le  t o  t h e  base p l a t e  i s  about  30'. 
f l a r d d  oritput tribe and t h e n  s p l i t  i n t o  s e v e r a l  or i tput  l eads .  
t y p i c a l  fou r -un i t  assembly wi th  a common supply d u c t  and chamber; t h e  m u l t i p l e  
i n p u t  and o u t p u t  t u b e s  a r e  b u i l e i n  and need o n l y  t o  be i n t e rconnec ted  by Tygon 
tribinq. 
problems of  s e a l i n g  and d i r t  contaminat ion;  t h e  a n n u l a r  s l o t  has  proved t o  be 
h i q h l y  s e l f - c l e a n i n g  under  adve r se  c o n d i t i o n s  o f  supp ly  and environment. 

a t  an  

The f low is picked up by t h e  
Figure 1.23-2presents a 

Many u n i t s  can  be b u i l t  i n  ex t remely  rugged m u l t i p l e  assembl ies ,  w i t h o u t  

1.2.3.2 T e s t  Procedure. The t e s t  c i r c u i t .  used i n  t h i s  p re l imina ry  i n v e s t i -  
d a t i o n  i s  shown i n  F iqure  1.2.3-3, 
S tanda rd  Tes t  C i r c u i t  111 ( fan- in  of t h r e e )  shown i n  F igure  1.2.2-3 do t o  t h e  
a v a i l a b i l i t y  of  o n l y  f i f t e e n  a m p l i f i e r s .  
fan- in  i s  l i m i t e d  t o  t h e  tes t  u n i t  ( # 7 )  above. 
p u l s e s  @ 15 cps  from a mechanical s lo t ted-d isc-and- je t  s i q n a l  gene ra to r .  
ampl i tude  of  t h e  p u l s e  i s  t h a t  j u s t  s u f f i c i e n t  t o  cause  switching.  Unit  #1 f a n s  
o u t  i n t o  #2, #3 and #4; i n  i t s  t u r n ,  u n i t  #4 ' fans  o u t  i n t o  #5, #6 and #7. Now 
u n i t  #7 i s  t h e  f l u i d  a m p l i f i e r  under t es t :  it i s  provided  w i t h  t h r e e  i n p u t s ,  
from #4 ( a s  shown b e f o r e )  and a l s o  from u n i t s  ff14 and #15. These u n i t s  a r e  both 
kept  e i t h e r  O N  o r  OFF i n  s t e a d y - s t a t e  by so Ieno id -con t ro l l ed  inputs .  Thus u n i t  #7 
h a s  a pulsed  i n p u t  from #4 and s t e a d y - s t a t e  i n p u t s  from #14 and #15. 
u n i t  #7 f a n s  o u t  i n t o  #8, #9 and #lo. Uni t  # 9 i n  i t s  t u r n  f a n s  o u t  i n t o  #11, 
#12 and Y13. 
a l l  t h e  o l l tpu ts  o f  a l l  t h e  u n i t s  a r e  provided w i t h  a n  18'' l e q q t h  o f  t ub ing ;  t h e  
r e q u i r e d  o u t p u t s  a r e  connected t o  t h e  r e s p e c t i v e  inp i i t s ,  wh i l e  t h e  unneeded o u t p u t s  
dump t o  atmosphere. No s p e c i a l  p r o v i s i o n s  o r  "tuned" r e s i s t a n c e s  a r e  used i n  t h e  
i n t e r c o n n e c t i n g  l i n e s .  For  a l l  t es t  t h e  common a i r  supp ly  p r e s s u r e  was h e l d  a t  

Hot-wire s t a t i o n s  l - A ,  
2 -A ,  3-A and 4-A a r e  connec ted  t o  one DISA anemometer th rough a DISA 4-way swi tch ;  
hot-wire s t a t i o n s  l-B, 2-B, 3-B and 4-B a r e  connec ted  t o  t h e  second DISA anemometer 
th rough a n o t h e r  DISA 4-way switch:  t h u s  any A hot-wire may be d i sp layed  on t h e  
o s c i l l o s c o p e  a g a i n s t  any B hot-wire. 

1.2.3.3 T e s t  Resu l t s .  The f i r s t  tes t  i s  from hot-wire  s t a t i o n  l - A  t o  
s t a t i o n  4-B, i re. ,  a c r o s s  t h e  e n t i r e  cha in  of l b g i C ;  Rgure  1.2.3-4 d i s p l a y s t h e  bt-wi.re 
o s c i l l o s c o p e  photos ,  w i t h  u n i t s  #14 and #15 ON and a l s o  w i t h  #14 and el5 OFF. 
i s  seen t h a t  t h e  o p e r a t i o n  is  c o r r e c t ,  i.e., w i t h  #14 and ff15 OFF, t h e  p u l s e s  go 
throuqh w i t h  good waveform f i d e l i t y ,  w h i l e  wi th  Y14 and #15 ON, t h e  o u t p u t  a t  
s t a t i o n  4B i s  ON i n  s t e a d y  s t a t e .  The leadinq  edge of t h e  p u l s e  appea r s  t o  be 

It i s  a s i m p l i f i e d  v e r s i o n  o f  t h e  proposed 

The fan-out  o f  t h r e e  and t h e  m u l t i p l e  
Unit  #1 i f  f e d  a t r a i n  o f  f l u i d  

The 

Downstream, 

A l l  t h e  i n t e r c o n n e c t i n g  tub ing  l e n g t h s  a r e  18" of  1/8" 1.L Tygon; 

. 5  PSIG w i t h  a tmospher ic  dump and a tempera ture  o f  72OF. 

It 
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c l e a n  and devoid o f  wave r e f l e c t i o n ,  w h i l e  t h e  t r a i l i n g  edge of t h e  p u l s e s  seems 
t o  be always accompanied by a wave-decay p a t t e r n .  The damping i s  high a t  s t a t i o n  . 
1 - A  and lower a t  s t a t i o n  4-B. 

Fiqure 1.2.35 presents t h e  t races  d hot-wire s t a t i o n s  3 - A  and 3-B, a c r o s s  t es t  
u n i t  ft7. With u n i t s  #14 and #15 i n  t h e  OFF s t a t e ,  t h e r e  i s  a normal i n p u t  p u l s e  
(3-A) and o u t p u t  pu l se  (3-B); both p u l s e s  are much n o i s i e r  t h a n  i n  t h e  procedinq 
f i q u r e .  However, w i t h  u n i t s  W4 and W5 ON, t h e  i n p u t  pu l se  (3-A) h a s  d i sappea red ,  
because t h e r e  i s  an upstream d i r e c t e d  f low feedback from #14 and 815 which is 
brickinq t h e  downstream-directed i n p u t  pu l se ;  t h e r e  a r e  o n l y  neqa t ive  s p i k e s  a t  
t h e  leadinq and t r a i l i n q  edqes o f  t h e  i n p u t  pulse .  The o u t p u t  (3-B), which i s  
s t e a d y - s t a t e  ON, shows a v e r y  high l e v e l  o f  f l u c t u a t i o n s  and a s l i q h t  f low 
d e c r e a s e  a t  t h e  t ime- loca t ion  o f  t h e  i n p u t  pu l se ;  such f l u c t u a t i o n s ,  however, do 
no t  a f f e c t  t h e  downstream u n i t  
s i n c e  the downstream u n i t  #9 i s  n o t  a f f e c t e d ,  such f l u c t u a t i o n s  may be termed 
n e q l i q i b l e .  

( a s  demonstrated by Fiqure1.23-4). By def in i t i on  

Since t h e  #4 o u t p u t  i n t o  #7 was a f f e c t e d  by t h e  feedback from #14 and #15, 
when #14 and #15 are ON, t h e  q u e s t i o n  a r i s e s  whether a l l  o u t p u t  from #4 a r e  SO a f -  
fected.  Figure 1.23-6 shows t h e  t r a c e s  o f  hot-wire s t a t i o n s  4-A and 3-€3 and it 
i s  seen t h a t  o u t p u t  from #4 i n t o  #6 ( s t a t i o n  4-A) i s  no t  a f f e c t e d  by #14 and 
#15; t h e  SUCO a m p l i f i e r  i s  not  d i s t u r b e d  by o u t p u t  feedback i n  t h e  manner o f  
some o t h e r  pure f l u i d  devices .  

Fi&e 1.2.3-7 shows the t r a c e s  o f  hot-wire s t a t i o n s  3-A and 1-B, t o  demonstrate  
t h e  feedback i n t o  u n i t  #14 from t h e  i n p u t  p u l s e s  a t  3-A. The feedback i s  f e l t  
o n l y  a s  a t r a n s i e n t  neqa t ive  s p i k e  a t  t h e  l ead inq  edge and t r a i l i n q  edqe o f  t h e  
pu l se ,  with causinq swi t ch inq  o f  #14. 

Final15 Figure 1.2.3-8 shows a time d i s p l a y  of t h e  p u l s e s  from 1 - A  t o  4-B and 
from 1-A t o  2-A. 
8 m i l l i s e c o n d s  (ms), y i e l d i n g  2 m s  p e r  a m p l i f i e r  p l u s  1.5 f e e t  o f  tubing.  
result  i s  confirmed by t h e  t r a c e  from 1-A t o  2-A. 
1.5 f e e t  o f  t ub ing  ( v e l o c i t y  of sound),  t h e  n e t  s w i t c h i n g  time f o r  t h e  a m p l i f i e r  
i s  of  t h e  o r d e r  of 0.5 m s .  

From 1-A t o  4-B a c r o s s  f o u r  a m p l i f i e r s ,  t h e r e  i s  a tim@ o f  
Th i s  

Taking 1.5 m s  d e l a y  time f o r  

Because t h e  hot-wire measurinq s t a t i o n s  have no t  y e t  been c a l i b r a t e d  a g a i n s t  
t o t a l  flow, e x a c t  times are not  r epor t ed .  

1.2.4 Conclusions 

I t  appea r s  t h a t  t h e  proposed test  c i r c u i t s  would be operab le ,  a t  l e a s t  
w i th  t h e  ax i symne t r i c  foci issed-jet  NOR a m p l i f i e r ,  and t h a t  u s e f u l  and r e a l i s t i c  
r e s u l t s  can be achieved. In  r e g a r d  t o  t h e  time d a t a ,  it should be p o s s i b l e  t o  
determine a c c u r a t e l y  t h e  10% and 90% flow p i n t  on t h e  l e a d i n g  edge o f  t h e  pu l se ,  
w h i l e  on t h e  t r a i l i n q  edge t h e  90% flow p o i n t  w i l l  be e a s y  t o  determine b u t  t h e  
10% flow p o i n t  w i l l  p r e s e n t  q u i t e  some d i f f i c u l t i e s .  
t o  t h e  presence of r e f l e c t e d  waves which decay w i t h  v a r y i n g  amoiints o f  damping. 

These d i f f i c u l t i e s  are due 
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I 

. 1.4 L i s t  o f  Symbols 

I 

*j 

AFP 

b 

C 

C 

d 

D 

f 

f m 

L 

PS 

Pa 

R 

Re 

St 

Sf 

t f 

td 

TS 

Ta 

I J  j 

U 

Jet c r o s s - s e c t i o n a l  a r e a  

A d i a b a t i c  F l u i d  Power 

Jet  width 

Local speed o f  sound 

Co n t  r o  1 width 

Con t ro l  je t  o f f s e t  

I n t e r c o n n e c t i n g  l ine  diameter  

Pu l se  frequency, 5W d u t y  cycle  

Maximum o p e r a b l e  p u l s e  frequency 

I n t e r c o n n e c t i n g  l i n e  l e n g t h  

Jet Mach Number 

Supply chamber p r e s s u r e  ( a b s )  

Dump (ambient)  p r e s s u r e  ( a b s )  

Gas c o n s t a n t  

Reynolds Number 

S t r o u h a l  Number (based on t ime)  

S t r o u h a l  Number (based on frequency)  

Switch-ON t i m e  - 10% i n p u t  t o  90% o u t p u t  

Rise time - 10% o u t p u t  t o  90% o u t p u t  

Switch-OFF time - 90% i n p u t  t o  10% o u t p u t  

Decay time - 90% o u t p u t  t o  10% o u t p u t  

Supply chamber temperature  ( a b s )  

Dump (ambient)  t empera tu re  ( a b s )  

Power Jet V e l o c i t y  

C o n t r o l  v e l o c i t y  

Dimensions 

[ f t 2 ]  

[ ft/sec] 

c ftl 
c f t  I 
[: ftl 
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L i s t  of Symbols ( con t inued)  Dimensions 

0 Angle o f  power j e t  

Ra t io  of  s p e c i f i c  h e a t s  

F l u i d  mass d e n s i t y  

F lu id  k inemat ic  v i s c o s i t y  

F l u i d  a b s o l u t e  v i s c o s i t y  

I( 

e 
3 
P 

M E :  The dimensional  n o t a t i o n  l b  r e f e r s  t o  pound force .  

[ degrees]  

[ l b  sec2/ft4] 

[ l b  sec/f t2]  
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DYNAMIC ANALYSIS OF PASSIVE CIRCUITS 

2.1. l n t r o d u c t i o n  

The dynamic a n a l y s i s  of pas s ive  c i r c u i t s  can become extremely complex i n  
f l u i d  dynamics even a t  low e x c i t a t i o n  frequency. Because of  such complexi ty ,  a 
ve ry  s imple pas s ive  c i r c u i t  has been chosen for a n a l y s i s  to i l l u s t r a t e  tbt procedure 
and t o  eXpl8in the  analogous r e l a t i o n s h i p s  t o  electrical networks; i t  has  been 
s e l e c t e d  both  because t h e  a n a l y s i s  w i l l  be comparat ively s t r a i g h t f o r w a r d  and 
because t h e  exper imenta l  check w i l l  allow a c c u r a t e  measurements. The pass ive  
c i r c u i t  comprises  a large p ipe ,  a tube  and a c l o s e d  chamber, as  shown below: 

7 i V 

The l a r g e  p ipe  a p p l i e s  a s i n u s o i d a l  o s c i l l a t o r y  p r e s s u r e  t o  the  en t r ance  of t h e  
tube ;  t h e  tube ,  which t r a n s m i t s  t he  p re s su re ,  i s  c h a r a c t e r i z e d  by a c o n s t a n t  
c r o s s - s e c t i o n a l  area and by i t s  l eng th ;  the  c losed  chamber i s  c h a r a c t e r i z e d  o n l y  
by i ts  volume. It i s  assumed t h a t  t h e  w a l l s  of tube  and chamber are completely 
r i g i d .  The theory  w i l l  be v a l i d  f o r  any gas ,  however i t  w i l l  be developed f i r s t  
as an  e lementary  theory  and then as a more realistic theory  compris ing f l u i d  
c o m p r e s s i b i l i t y  e f f e c t s ,  f i n i t e  p r e s s u r e  v a r i a t i o n s ,  f l u i d  a c c e l e r a t i o n ,  f i n i t e  
l eng th  of tub ing  and also h e a t  conduct ion ,  fo l lowing  t h e  a n a l y s i s  of Ibe ra l l ' .  

2.2. Elementary Theory 

I n  d e r i v i n g  t h e  elementary theo ry  i t  is  assumed t h a t  t h e  s t e a d y - s t a t e  
laminar  pipe-f low ( P o i s e u i l l e )  l a w  h o l d s  a t  each p o i n t  i n  t h e  tube  (quas i - s t eady-  
state assumpt ion) ;  t h a t  t h e  f l u i d  i s  incompressible  i n  the  tube ;  t h a t  t h e  s inu-  
s o i d a l  p r e s s u r e  o s c i l l a t i o n s  a t  the  beginning of t h e  tube are of small ampl i tude  
compared to t h e  mean a b  s o l u t e  p re s su re  ( i n f  i n i t e s i m a l - p e r t u r b a t i o n  assumption)  ; 
and t h a t ,  i f  t h e  f l u i a  is a g a s  (as a g a i n s t  a l i q u i d )  i t  expands and c o n t r a c t s  
i n  t h e  chamber i so the rma l ly .  

These above assumptions app l i ed  t o  a t r u l y  incompress ib le  f l u i d  ( i .e . ,  
l i q u i d )  l ead  to the  conclus ion  t h a t  t h e r e  is no l o s s  of ampli tude or phase l ag  
as the  l i q u i d  would n o t  expand o r  c o n t r a c t  i n  t h e  chamber. 
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F o r  the Poiseur i l le  l a w  w e  may w r i t e :  

and f o r  c o n t i n u i t y :  

-- I 3 M  - - A  ae 
a x  a t  

( 2 )  

(The s u b s c r i p t  o r e f e r s  to Eean c o n d i t i o n s )  
We i n f e r  from c o n t i n u i t y  and from the  i n c o m p r e s s i b i l i t y  assumption f o r  t h e  
tube  ( i * e * ,  

a long  t h e  tube  w i t h  X b u t  va ry  o n l y  w i t h  t i m e  ( t h e  f l u i d  motion i s  p i s t o n - l i k e ) .  
By d i f f e r e n t i a t i o n  of 

2 e 
a t  

= 0) t h a t  t h e  mass f low and t h e  volumetr ic  f low do n o t  va ry  

eq.1 i t  i s  ob ta ined :  

a2P  

a x2 
- = 0 a long  t h e  tube. 

Our boundary c o n d i t i o n s  are t h a t  a t  X = 0 : 
j u t  

P = Po + w e  
and t h a t  a t  X = L ( e n t r a n c e  to  t h e  chamber) : 

( i s o t h e r m a l  assumption Q = -  V 
Po a t  

( 3 )  

( 4 )  

(5) 

The f i r s t  l i n e  of  eq.5 expres ses  t h e  rate a t  which a compress ib le  f l u i d  
e n t e r i n g  a r i g i d  volume b u i l d s  up  p r e s s u r e  i s o t h e r m a l l y ,  whereas  t h e  second 
l i n e  of eq.5 states t h a t  t h e  f low i n t o  t h e  volume is  l i m i t e d  by t h e  p r e s s u r e  
g r a d i e n t  a t  t h e  end of t h e  tube. 

I t  i s  convenient  to i n t r o d u c e  a new v a r i a b l e  $ , t h e  f r a c t i o n a l  
p re s su re  increment ,  de f ined  as 

P - Po 

Po 
5 =  

so t h a t  eqs. 3, 4 and 5 become r e s p e c t i v e l y :  
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a t  X I  0 

a t  X =  L 

where A 0  - v  L 1 
1 

2, = 128 
7T Po D4 

( 8 )  

(10) 

The parameter  h o  i s  t o  be i n t e r p r e t e d  as a time cons t an t  of t h e  system s i n c e  
i t  h a s  t h e  dimensions of time (sec);  i t  comprises t h e  r a t i o  of chamber volume t o  
tube  volume, t h e  r a t i o  of tube  l eng th  t o  d iameter  and t h e  r a t i o  of a b s o l u t e  
f l u i d  v i s c o s i t y  t o  mean pressure .  It i s  o f  f u r t h e r  convenience to s e p a r a t e  the  
p r e s s u r e  increment  i n t o  a p a r t  t h a t  v a r i e s  w i th  X and a p a r t  t h a t  v a r i e s  w i t h  
t i m e .  

L e t  
j w t  g = g e  (11) 

where 
tube. Our qs. then become: 

i s  t h e  maximum ampli tude of the  p re s su re  increment  a t  any p o i n t  i n  t h e  

d2 
-= 0 
d x 2  

a t  X = O  

The s o l u t i o n  of q. 12, which s a t i s f i e s  eq. 13 and 14 is: 

( 12) 

(13) 

The ratio of  t h e  ampl i tudes  of t he  p r e s s u r e  increment a t  t h e  end of t he  tube to 
t h a t  a t  t h e  beginning of t h e  tube  is then given by: 

( 1 6 )  



w h e r e : X 0  = O W  (17 )  

and i s  t o  be i n t e r p r e t e d  as an  a t t e n u a t i o n  f a c t o r  f o r  t he  ampli tude r a t i o .  

i s  the  maximum ampli tude of t he  p r e s s u r e  increment  a t  t h e  chamber volume. 
- 

The r e a l  p a r t  of eq. 16 i s  the  a t c e n u a t i o n  i n  a m  l i t u d e  of t h e  p r e s s u r e  
increment ,  whereas the  imaginary p a r t  i s  t h e  phase lag  lo: 

The above eq. 18 is  the  elementary s o l u t i o n  of t he  problem, s u b j e c t  t o  t h e  
r e s t r i c t i v e  assumptions desc r ibed  above. Also t o  be noted i s  t h a t  t h e  tube  
Reynolds Number Re =& must be less than  1500 f o r  t he  tube  f low t o  be laminar. 
I t  i n d i c a t e s  t h a t  a volume-terminated tube  i s  c h a r a c t e r i z e d  by a t i m e  c o n s t a n t  
-’ A o  which can be computed from the  tuba dimensions,  t he  chamber volume and 
t h e  average  f l u i d  c o n d i t i o n s ,  and by an  a t t e n u a t i o n  f a c t o r x o  f o r  each anRuler  
f requency,  y i e l d i n g  t h e  ampli tude r a t i o  and phase l ag  a g a i n s t  f requency 
(Bode p l o t ) .  

The main d e f e c t  of t h i s  e lementary s o l u t i o n  i s  t h a t  i t  does no t  provide  
q u a n t i t a t i v e  c r i t e r i a  f o r  t he  l i m i t s  of i t s  a p p l i c a b i l i t y ;  d i s c r e p a n c i e s  
between experimental  r e s u l t s  and t h e o r e t i c a l  p r e d i c t i o u s  are d i f f i c u l t  t o  
exp la in  i n  terms of any one f a c t o r .  

2.3. Correc ted  Theory 

2.3.1. The assumptions made i n  t h e  elementary theory  are q u i t e  res- 
t r i c t i v e  and i n  t h i s  s e c t i o n  they  w i l l  be modif ied,  one a t  a t i m e ,  u n t i l  
a complete s o l u t i o n  i s  a r r i v e d  a t ,  which t akes  i n t o  account  a l l  f i r s t -  
o r d e r  phenomena. The f a c t o r s  t h a t  must be taken i n t o  account  are: 

2.3.1.1. Compressible f low i n  t h e  tube: 

The e f f e c t  of f l u i d  c o m p r e s s i b i l i t y  i s  to in t roduce  
a time c o n s t a n t  and cor responding  a t t enua t ion  f a c t o r  depending 
on the  tube volume i n  a d d i t i o n  t o  the  one ,depending on t h e  
chamber volume. 
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2.3.1.2. F i n i t e  p re s su re  increment 

The e f f e c t  of t h e  a p p l i c a t i o n  of a f i n i t e  pressure 
increment  t o  a compressible  f l u i d  i n  a t ransmiss ion  tube i s  to 
in t roduce  harmonic d i s t o r t i o n  and t o  modify the  mean pressure .  
However, t he  a t t e n u a t i o n  of t h e  fundamental is e s s e n t i a l l y  
independent of t he  magnitude of the p r e s s u r e  increment.  The 
percentage  of d i s t o r t i o n  i s  approximately p r o p o r t i o n a l  t o  the  
app l i ed  p res su re  increment.  

2.3.1.3. F l u i d  Acce le ra t ion  

The e f f e c t s  of f l u i d  i n e r t i a  is t o  modify t h e  time 
c o n s t a n t s  of t h e  system. Both the a t t e n u a t i o n  of t h e  funda- 
mental  and t h e  magnitude of narmonic d i s t o r t i o n  are a f f e c t e d .  
A d imens ionless  parameter  '3" analogous t o  the  'p" of an  e l e c t -  
r i c a l  system c h a r a c t e r i z e s  the  f l u i d  regime and de termines  whether 
f l u i d  i n e r t i a  may or may no t  be neglected.  

When f h i d  i n e r t i a  i s  n e g l i g i b l e ,  a tube  acts like 
a h igh ly  damped system; when f l u i d  i n e r t i a  i s  l a r g e ,  a tube 
acts as an undamped system and elementary a c o u s t i c  theory  i s  
a p p l i c a b l e .  

Elementary a c o u s t i c  theory i t s e l f  has  a l i m i t  of 
a p p l i c a t i o n  i n  regard  t o  f requency,  i.e., t he  o n s e t  of t r a n s v e r s e  
a c o u s t i c  waves . 
2.3.1.4. F i n i t e  length  of tube 

The e f f e c t  of f l u i d  a c c e l e r a t i o n  a t  the  ends of t he  
tube r e s u l t s  i n  a f u r t h e r  d i s t o r t i o n  of wave form, which must 
be taken i n t o  account  f o r  s h o r t  tubes. 

2.3.1.5. Heat conduct ion 

I f  t h e r e  were no h e a t  t r a n s f e r  from o u t s i d e  the  tube 
o r  chamber t o  i n s i d e ,  t he  o s c i l l a t o r y  p rocesses  would t ake  p l ace  
a d i a b a t i c a l l y ;  i f  t h e r e  were p e r f e c t  h e a t  t r a n s f e r  i n t o  and 
through the  tube and chamber, the  processes  would t ake  p lace  
i so the rma l ly .  The e f f e c t s  of f i n i t e  h e a t  conduct ion,  which may 
w e l l  va ry  from one servosystem i n s t a l l a t i o n  t o  ano the r ,  is t o  
make t h e  r e a l  p rocesses  occur  i n  between the  i d e a l  extremes i n  
a r a t h e r  complex manner. 



2.3.2. Cor rec t ion  S teps .  

I n  t h i s  s e c t i o n ,  t he  s e v e r a l  t h e o r e t i c a l  c o r r e c t i o n  s t e p s  w i l l  
be developed and presented  i n  l o g i c a l  o rde r .  A complete s o l u t i o n  of t he  
problem i s  no t  ob ta ined .  A l l  f i r s t - o r d e r  e f f e c t s  a r e  t r e a t e d  t o  the  
p o i n t  where the  s o l u t i o n  i s  c o r r e c t  t o  f r e q u e n c i e s  w e l l  i n  t he  son ic  
reg ion .  

2.3.2.1. Thermodynamic equat ion  of s t a t e .  

I n  the  c a s e  of an  o s c i l l a t o r y  v a r i a t i o n  of f l u i d  
f low,  the  equat ion  r e l a t i n g  the  thermodynamic parameters of 
t h e  f l u i d  l i e  between the  a d i a b a t i c  and the  i so the rma l  
equa t ions  of state. For  h igh  f r e q u e n c i e s ,  as i n  sound waves, 
i t  is  w e l l  known t h a t  t he  a d i a b a t i c  cond i t ion  holds .  However, 
f o r  v i scous ly  damped motion the  a d i a b a t i c  r e l a t i o n  i s  no t  
a t t a i n e d  i n  genera l .  Such an  "inbetween" cond i t ion  i s  termed 
"po ly t rop ic"  and i s  c h a r a c t e r i z e d  by a cons t an t  exponent n i n  
t he  express ion:  

p =  C P  

wi th  

where 0 = exponent of p o l y t r o p i c  expansion i n  tube 

)I= r a t i o  of s p e c i f i c  h e a t s  

? =  d e n s i t y  r a t i o  = e 
.I @O 
E = P - PO = p r e s s u r e  increment  r a t i o  

Po 
The a b s o l u t e  v i s c o s i t y  of gases  Ai i s  s u b s t a n t i a l l y  independ- 
e n t  of t he  p re s su re  and, as an approximation,  p r o p o r t i o n a l  t o  
the  a b s o l u t e  temperature.  The more r igo rous  approximation i s  
t h a t :  

I 

T'z 
A -  

1 + c  
T 

This ,  however, does no t  need t o  be taken i n t o  account  ove r  
small temperature  d i f f e r e n t i a l s ,  provided t h a t  a mean 40 
value  i s  obta ined  a c c u r a t e l y .  
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Therefore :  = c T 1 

Eqs. 19 and 20 thus  express  the  v a r i a t i o n  of v i s c o s i t y ,  d e n s i t y  
and p res su re  i n  a p o l y t r o p i c  process  i n  a gas. For  l i q u i d s ,  we 
assume t h a t  t he  p o l y t r o p i c  equat ion of state i s  g iven  by: 

where 
(21 )  

F o r  l i q u i d s ,  however, 8 lies so c lose  t o  u n i t y  t h a t  we may 
s a t i s f a c t o r i l y  assume n = 1.0. 
Eq. 21 can  then be w r i t t e n  i n  t h e  form: 

T = l + b s  (22) 

where b i s  a l i q u i d  compress ib i l i t y  f a c t o r  a t  average  condi-  
t i o n s  i n  the  tube. 
over  a small temperature  range c a n  be neg lec t ed ,  so t h a t :  

The v a r i a t i o n  of v i s c o s i t y A  i n  a l i q u i d  

/ y = / C c 0  ( 2 3 )  

Ac tua l ly ,  t he  i m p l i c a t i o n s  of  eqs. 22 and 23are  t h a t ,  i n  a 
l i q u i d - f i l l e d  tube ,  c o n d i t i o n s  a r e  s u b s t a n t i a l l y  i so thermal .  

It i s  also necessary  t o  d i s c u s s  t h e  h e a t  t r a n s f e r  
c o n d i t i o n s  a t  the  chamber. For  an i so thermal  p rocess  w i t h  a 
g a s ,  i t  w a s  p rev ious ly  assumed (eq. 5) t h a t  Q = V b p 

r e p r e s e n t s  t h e  i n f l u x  of f l u i d  i n t o  the chamber. I f  i n s t e a d ,  a 
p o l y t r o p i c  p rocess  i s  assumed, cha rac t e r i zed  by an  exponent 
( h e a t  t r a n s f e r  may va ry  from tube  to  chamber, so t h a t  m is  n o t  
n e c e s s a r i l y  equal  t o  tl 1, then  eq. 5 should be modified t o :  

PO a t  

I t  w i l l  be shown later t h a t  t h e s e  po ly t rop ic  exponents  modify 
t h e  time c o n s t a n t s  of  t h e  tube  and chamber. 



2.3.2.2. Polytropic Compressibility Correction 
(Infinitesimal pressure increments) . 
In this step, polytropic fluid compressibility is 

introduced both for the tube (previously incompressible) and 
for the chamber (previously isothermal). The assumptions are 
the Poiseuille law of laminar pipe flow (guasi-steady-state), 
infinitesimal pressure increments and that density, pressure 
and viscosity are related by the polytropic equation of state. 

For gases it can be written: 

a p =  - 1 2 8 ~  Q )  - n F )  
1 Poiseuille law (1) 

ax 

and aJ = - A 3 Continuity (2) 
a x  at 

The mass flow M can be eliminated to obtain: 

(25) 

Because of the assumption of infinitesimal pressure increments 
and the equations of state (eq. 19 and 201, the differentiation 
of 
mean value. 4. 25 then becomes: 

e can be disregarded in eq. 25 and can be replaced by its 
X 

a2P = 3 2 A o  JP 
3 x 2  n p o ~ 2 3  

or 

Utilizing the previous definition of A o  (eq. 101, eq. 26 becomes: 
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where ATo = A L  - 1 A0 
1 

V n (28 )  

The s i g n i f i c a n c e  of t h e  new t i m e  cons tan t  ATo can be seen  by 
i n s p e c t i o n  of  eq. 28; t h e  chamber volume V does  n o t  e n t e r  i t  
anymore and i t  depends e n t i r e l y  on the  tube  dimensions L and D. 

I f ,  as i n  the  elementary s o l u t i o n ,  w e  s e p a r a t e  o u r  
p r e s s u r e  v a r i a b l e s  i n t o  a space  and t i m e  p a r t  

eq. 27 becomes 

o r  

where XTo = To Go (30) 

The q u a n t i t y  K T o  i s  an  a t t e n u a t i o n  f a c t o r  based on the  tube 
dimensions.  

Eq. 29 may be compared with t h e  cor responding  eq. 12 
of t h e  elementary s o l u t i o n ;  i n  o r d e r  f o r  t h e  elementary s o l u t i o n  
t o  be v a l i d  and t h e  tube  c o m p r e s s i b i l i t y  t o  be neg lec t edXTo  must 
be s m a l l  i n  comparison t o  L2. I t  may be s t a t e d  t h a t  

3 2 0  Y o  $ 1 

D n p o  
- 

2 100 (31) 

f o r  t h e  tube  c o m p r e s s i b i l i t y  to be n e g l i g i b l e ;  t h i s  p rov ides  one 
l i m i t i n g  c r i t e r i o n  f o r  t h e  elementary theory. Re fe r r ing  now to 
eq. 29, t h e  boundary c o n d i t i o n s  are: 

a t  X =  0 z = Ea - - 
and a t  X =  L & =  - ( h o w )  j - s 

(13) 

( 3 2 )  
dx  M L 

(see eqs. 5 ,9  and 24) 
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We may r e d e f i n e  a t i m e  c o n s t a n t  and a t t e n u a t i o n  f a c t o r  f o r  t he  
chamber volume, t ak ing  i n t o  account  t h e  p o l y t r o p i c  p rocess  as: 

a t  X = L, eq. 32 t h e r e f o r e  becomes 

d g  = -  XI0 jc 
dx L 

( 3 4 )  

The s o l u t i o n  t o  eq. 29 ,  which s a t i s f i e s  t he  boundary cond i t ions  

L -J 

w 10 = X I o  

( 3 6 )  

The new y ' 8 ,  which s h a l l  be termed a t t e n u a t i o n  parameters  a r e :  

v To 

Y 10 

a t t e n u a t i o n  f a c t o r  depending on tube volume 

a t t e n u a t i o n  f a c t o r  depending on chamber volume 

The r a l i o  of t he  f r a c t i o n a l  p r e s s u r e  increment  a t  t h e  end of t h e  
tube t o  t h a t  a t  the  beginning of t h e  t u b e g o  i s  then: 
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For small pTo va lues ,  t he  a t t e n u a t i o n  approaches 

which i s  the  same r e s u l t  as i n  eq. 16 of t h e  elementary theory.  

For  small va lues  of both yTo and pIo t he  a t t e n u a t i o n  
approaches 

50 
(39 )  

1 +   TO j 
2 

The form of eqs. 38 and 39 i s  similar; i n  f a c t  f o r  small va lues  
of both I/, and yIo i t  i s  poss ib l e  t o  d e f i n e  a composite 

a t t e n u a t i o n  f a c t o r  x by the  r e l a t i o n :  

such t h a t  t he  r e a l  magnitude of the a t t e n u a t i o n  i s  approximately:  

which p r e s e r v e s  the  form of t h e  elementary s o l u t i o n .  
E q .  18 can be i n t e r p r e t e d  as meaning t h a t  t h e  'VroPer" t i m e  
c o n s t a n t  of t h e  system can be obtained by-adding  t o  t h e  n 
weighted chamber v o l u m e , L  

tube ,  and s u b s t i t u t i n g  t h i s  i n  the elementary formula. I n  
p r i n c i p l e ,  f o r  l a r g e r  v a l u e s  of the y parameters ,  a more 
g e n e r a l  coupl ing  c o e f f i c i e n t  could be in t roduced  which would 
v a r y  somewhat w i th  the  magnitude of y ,  t o  p r e s e r v e  the  
elementary form. 

of the m weighted volume of t h e  
vi7 
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2.3.2.3. F i n i t e  p r e s s u r e  increments  c o r r e c t i o n .  

I n  t h i s  s e c t i o n ,  t h e  e f f e c t s  o f  f i n i t e  p r e s s u r e  
increments  on t h e  a t t e n u a t i o n  i n  a tube w i l l  be d i scussed .  
It w i l l  be shown t h a t  t h e  e f f e c t  of f i n i t e  p r e s s u r e  
increments  i s  as fo l lows :  

E x c i t a t i o n  of h i g h e r  harmonics 
D i s t o r t i o n  of wave form 
I n c r e a s e  o f  mean p r e s s u r e  a long  t h e  tube 

The o n l y  assumption used w i l l  be t h a t  of P o i s e u i l l e  v e l o c i t y  
d i s t r i b u t i o n  i n  t h e  tube (Quas i - s t eady- s t a t e ) .  
The method of s o l u t i o n  s e l e c t e d  w i l l  be t h a t  o f  expansion i n  
harmonic series i n  which t h e  e x c i t a t i o n  of sum f r e q u e n c i e s  o n l y  
IS cons ide red  and t h e  d i f f e r e n c e  f r e q u e n c i e s  are neglected.  
The second o r d e r  t e r m  i n  t h e  v a r i a t i o n  of t h e  mean p r e s s u r e  w i l l  
be e s t ima ted  s e p a r a t e l y .  Fo r  convenience,  t h e  e q u a t i o n s  w i l l  be  
d e r i v e d  on a d e n s i t y  b a s i s ;  d e n s i t y  and p r e s s u r e  are r e l a t e d  by 
t h e  equa t ion  o f  state. 
F o r  g a s e s ,  w e  s tar t  from: 

Using eqs. 19 and 20 to e l i m i n a t e  v i s c o s i t y  
n o n - l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa t ion  i s  
of d e n s i t y  ra t io  q : 

and p r e s s u r e ,  a 
ob ta ined  i n  terms 

The fo l lowing  series expansion i s  assumed as s o l u t i o n  f o r  t h e  
d e n s i t y  r a t i o  : 

. . . (42) jot 2 jat 3jot + 

= 1 + q , e  +T2e +n33e 

F o r  t h e  sake o f  b r e v i t y ,  t h e  extremely l eng thy  se r ies  s o l u t i o n  
is  omi t t ed  and t h e  r e s u l t s  presented.  

If an i n p u t  p r e s s u r e  wave i s  g iven  by: 

ju t  2 jut 
+ . . . .  
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The wave a t  t h e  end of t h e  tube w i l l  be g iven  by: 

The i n c r e a s e  i n  mean p r e s s u r e  i n  the chamber volume i s  g iven  
by the  fo 1 lowing : 

4 

2.3.2.4. F l u i d  Acce le ra t ion  Correc t ion  

Here t h e  main r e s t r i c t i v e  assumption w i l l  be removed, 
i.e. t h e  q u a s i - s t e a d y - s t a t e  assumption of P o i s e u i l l e  v e l o c i t y  
d i s t r i b u t i o n  i n  t h e  tube. I n  o r d e r  to ach ieve  t h i s ,  i t  is  
requ i r ed  to r e t u r n  t o  t h e  b a s i c  Navier-Stokes e q u a t i o n s  of 
v i scous  flow. It i s  p o s s i b l e  to take t h e  Navier-Stokes eqs. 
and combine them w i t h  the  m a s s  c o n t i n u i t y  equa t ion  and t h e  
thermodynamic equa t ion  of energy balance,  to a r r i v e  a t  t h e  
Kirchoff  eqs. of  sound, which are v a l i d  t o  f i r s t  o rde r .  This 
procedure w a s  fo l lowed,  making no assumption as to t he  form of  
t h e  equa t ion  of state  f o r  t h e  f l u i d  and t h e  fo l lowing  r e s u l t s  
were ob ta ined  f o r  t h e  a t t e n u a t i o n  parameter  and t h e  v e l o c i t y  i n  
an  i n f i n i t e  tube:  

L ” J  D 
2 J1 ( h  1 -  
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The a t t e n u a t i o n  parameter 
i n  eq. 35. 

i s  t o  be i n t e r p r e t e d  8 6  be fo re  

For  s m a l l  v a l u e s  of g and h (Bessel f u n c t i o n  arguments) 
eqs. 46 and 48 become: 

whi*-h a r e  p r e c i s e l y  t h e  r e s u l t s  assumed i n  eqs. 1 and 29 under  
the  c o n d i t i o n  i n  eq. 29 t h a t  t h e  "po ly t rop ic"  c o e f f i c i e n t  i s  
u n i t y .  T h i s  i s  so because c 2  i n  eq. 49  is  t h e  squa re  of t h e  

v e l o c i t y  of sound, which f o r  gases is 
Eqs. 46 and 4 8 ,  which t a k e  i n t o  accoun t  t h e  h e a t  conduct ion,  
t hus  demonstrate  t h a t ,  when t h e  p rev ious  r e s u l t s  a r e  v a l i d ,  t h e  
equa t ion  of s ta te  i s  t h e  i so the rma l .  A t  h i g h e r  f r e q u e n c i e s ,  the 
modifying term i n  eq. 46 may be regarded as t h e  "po ly t rop ic"  

be r e w r i t t e n  : 

- 
Y 

Palee 

c o e f f i c i e n t .  To b r i n g  e x p l i c i t l y ,  eqs. 46 and 48 may 

D 

2 2 
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E q .  50 may be regarded as an extended d e f i n i t i o n  of t he  a t t e n u a -  
t i o n  parameter VT and of t he  modified f low l a w  t h a t  r e p l a c e s  
P o i s a i l l e ' s  l aw .  It i s  t h e r e f o r e  used wi thou t  t he  ze ro  s u b s c r i p t ,  
which d e m t e s  r e s u l t s  based on t h e  q u a s i - s t e a d y - s t a t e  assumption 
of P o i s e u i l l e ' s  law.  
Bringing i n  the  boundary cond i t ion  a t  X = L: 

i t  i s  obta ined  f o r  a gas :  - 

dx 

L e t  2 x = 1 2 8 4 .  h L  8 
2 J1 ( h l )  I 

n D 4  mpo 
2 - 1  ( 5 2 )  

We have thus  ex tens ion  of o u r  d e f i n i t i o n  of x 
f r equenc ie s ;  t he  l i m i t i n g  va lue  of f o r  s m a l l  arguments 
obvious ly  becomes t h e  prev ious  x 
Since  the  o n l y  mod i f i ca t ion  has  been t o  extend t h e  d e f i n i t i o n s  
of $VT and 
be so lved ,  eqs. 29 and 3 4 ,  t he  previous r e s u l t  of eq. 37 i s  
s t r i c t l y  v a l i d .  
f r equenc ie s  w e l l  i n  t h e  audio  range, s u b j e c t  t o  t h e  well-known 
l i m i t a t i o n  of t he  advent  of t r ansve r se  a c o u s t i c  waves. 
The f i r s t  t r a n s v e r s e  wave mode i s  known t o  occur  f o r  

t o  cover  high I 

without  changing the form of t h e  equa t ions  t o  

The r e s u l t s  however ase now c o r r e c t  f o r  

uD= 3.68 (53) 
C 

and t h e r e f o r e  t h i s  is the  l i m i t  of a p p l i c a t i o n  of t he  above 
r e  su 1 t s . 
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2.3.2.5. F i n i t e  Tube Length Correct ion.  

S ince  t h e  tube i s  o f  f i n i t e  l e n g t h  and i t  t a k e s  a n  
a p p r e c i a b l e  l e n g t h  t o  s e t  up t h e  P o i s e u i l l e  v e l o c i t y  d i s t -  
r i b u t i o n  i n  t h e  tube,  t h e  tube  e n d - e f f e c t s  must be considered 
f o r  completeness of t h e  a n a l y s i s .  The c h a r a c t e r  of t h e  en t -  
r ance  f low i s  t h a t  t h e  a x i a l  v e l o c i t y  is f l a t  a t  t h e  en t r ance ,  
g r a d u a l l y  developing a n  approximately p a r a b o l i c  v e l o c i t y  
p r o f i l e  w i t h  a core of uniform v e l o c i t y ,  u n t i l  t h e  p a r a b o l i c  
v e l o c i t y  p r o f i l e  f i l l s  t h e  e n t i r e  tube. 

Going back t o  t h e  Navier-Stokes eqs. t h e  fo l lowing  assumptions 
are made: 

The e n t r a n c e  f low is  incompress ib l e  ( low Mach Number) 
R a d i a l  p r e s s u r e  v a r i a t i o n  i s  n e g l i g i b l e  
Quadra t i c  v e l o c i t y  terms n e g l i g i b l e  i n  t h e  en t r ance  f l o w  
Uniform c e n t r a l  v e l o c i t y  c o r e  conforms to p o t e n t i a l  

( i n v i s c i d )  flow. 

The equa t ion  o f  motion of t h e  c e n t r a l  core may be w r i t t e n  f o r  
o u r  purposes  simply as: 

a up + up a up = - 1-22 (54) 
a t  a x  e o  a x  

where up i s  t h e  a x i a l  v e l o c i t y  i n  t h e  c e n t r a l  core. 

L e t  up = as 
a x  

where 0 i s  t h e  v e l o c i t y  p o t e n t i a l ;  then 

(55) 

3 

where f ( t )  i s  a n  a r b i t r a r y  f u n c t i o n  of t i m e .  The boundary 
c o n d i t i o n s  are a p r e s c r i b e d  p r e s s u r e  v a r i a t i o n  a t  X=O w i t h  a 

v e l o c i t y  p r o f i l e  somewhere downstream a t  X = P  
p r o f i l e  (up  =;I ave rage  v e l b c i t y )  and a p a r a b o l i c  . 
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The assumption of i n c o m p r e s s i b i l i t y  makes u equa l  a t  both 
sec t ions .  These cond i t ions  lead t o  the  r e s u l t  

2 Refe r r ing  t o  the  phys ica l  d i scuss ion  g iven  by Go lds t e in  
f o r  t he  s t e a d y - s t a t e  case ,  i t  i s  found t h a t  

2 

Where Re i s  the  tube Reynolds Number. It  fo l lows  
from these  two equa t ions  t h a t  t he  leading term f o r  t h e  
en t r ance  l o s s  i n  the  o s c i l l a t o r y  case i s  t h e  u s u a l @  u 
Therefore  t h e  e f f e c t  of t he  en t rance  i s  to cause an 
a d d i t i o n a l  p r e s s u r e  drop  g iven  by: 

loss .  
0 

I The p res su re  increment j u s t  i n s i d e  the  tube ,  due t o  t h i s  l o s s ,  
w i l l  be g iven  approximately by: 

E q .  60 i s  t h e  d e s i r e d  r e s u l t ;  i t  shows t h a t  t h e  approximate e f f e c t  
o f  t he  en t r ance  i s  to d i s t o r t  egch inpu t  harmonic. It can be 
i n t e r p r e t e d  as meaning t h a t  t he  e f f e c t  of t h e  en t r ance  i s  the  
s a m e  as i f  i t  d i d  no t  e x i s t ,  bu t  with t h e  fundamental  harmonic 
g e n e r a t o r  rep laced  by a fundamental  and a second harmonic 
genera tor .  The f i r s t - o r d e r  terms are thus  l e f t  una f fec t ed  and 
o n l y  the  second harmonic a t t e n u a t i o n  r e q u i r e s  modi f ica t ion .  

2.3.3. Summary of Corrected Theory. 

2.3.3.1 Complex a t t e n u a t i o n  of the fundamental  f requency:  
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4 

where 5 oL is t h e  complex ampl i tude  of t h e  f r a c t i o n a l  p r e s s u r e  

increment of t h e  fundamental  a t  t h e  end of  t h e  tube and t h e  
s u b s c r i p t  0 r e f e r s  to t h e  fundamental. Eq. 61 i s  v a l i d  i f  

2.3.3.2. A t t e n u a t i o n  parameters: have been d e f i n e d  (eq. 36) as  , 

The a t t e n u a t i o n  factors have been d e f i n e d  m o s t  g e n e r a l l y  

1 
- 2 
( h  E) 

2 
8 

The Bessel  arguments are d e f i n e d  as 
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While f o r  q u a s i - s t e a d y - s t a t e  P o i s c u i l l e  f low they a r e  de f ined  as: 

( 6 5 )  

LOW FREQUENCY 

Here CT i s  the  v e l o c i t y  of sound appropr i a t e  t o  t h e  tube and 
CI t he  v e l o c i t y  of sound appropr i a t e  t o  t h e  chamber volume. 

P For computat ional  purposes ,  in t roduce  f u n c t i o n s  F1 ( D 
2 1  

and F2 ( h  k 8) such t h a t :  
2 ’  

I L 

8 

r 1 

L 
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2.3.3.3. Computation of real a t t e n u a t i o n  r a t i o  and of phase angle .  . 
2.3.3.3. 1. A low-frequency, hish-damping f l u i d  regime 
may be d e f i n e d  by t h e  S tokes  Number S ranging from 
z e r o  t o  u n i t y ,  where: 

2 
(70 )  S =  D W  

4 vo 

This  regime starts from s t e a d y - s t a t e  f low and pre-  
supposes t h e  v a l i d i t y  o f  q u a s i - s t e a d y - s t a t e  f low i n  
t h e  tube. The a t t e n u a t i o n  f a c t o r s  a r e  and x,, 
of eqs. 65 and 66. 

To 

The r e a l  p r e s s u r e  increment a t t e n u a t i o n  r a t i o  i s  
g iven  by: 

and t h e  phase a n g l e :  

The independent parameters  are  seen t o  be :  

X T O  frequency parameter  
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2 . 3 . 3 . 3 . 2 .  A high-frequency, low-damping f l u i d  regime 
may be d e f i n e d ,  ranging between a v a l u e  o f  S b 100 
and a Value of t h e  p a r a m e t e r o d  below 3 - 6 8  ( o n s e t  of 

CT 
t r a n s v e r s e  a c o u s t i c  waves). 
Th i s  regime is t h e  undamped l o n g i t u d i n a l  a c o u s t i c  
regime. D i g i t a l  f l u i d  c i r c u i t r y  i s  expected t o  f a l l  
i n  t h i s  regime. 
Defining a new frequency parameter ( i n  a S t rouha l  
Number Form) : 

and a volume r a t i o  r: 

The r e a l  p r e s s u r e  increment a t t e n u a t i o n  i s  g iven  by: 

and t h e  phase a n g l e :  , 

The independent parameters  a r e  seen t o  be: 

Z f requency parameter  
r volume r a t i o  

2 , 3 . 3 . 3 , 3 ,  An intermediate-frequency,  i n t e rmed ia t e -  
damping f l u i d  regime may be def ined,  ranging between 
S = 1 and S = 100. 
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Most p r a c t i c a l  a p p l i c a t i o n s  of p ropor t iona l  f h i d  
c o n t r o l  c i r c u i t r y  a r e  expected t o  f a l l  i n  t h i s  
i n t e rmed ia t e  regime. 

The a t t e n u a t i o n  f a c t o r s  XI and xT a r e  i n  the  most 

g e n e r a l  form; a l l  the  t h e o r e t i c a l  c o r r e c t i o n s  are 
accounted f o r  and t h e r e f o r e  these  r e s u l t s  are 
v a l i d  f o r  a l l  f r equenc ie s  ( Z  va lues ) .  It is t o  be 
noted t h a t  f o r  very  low S 5 1) o r  very  h igh  Z va lues  
Z = 100) t he  preceding eqs. a r e  s impler  and e a s i e r  
t o  compute. 

> 

The r e a l  p re s su re  increment a t t e n u a t i o n  i s  g iven  by: 

The phase angle  is given  by: 

tanh C 1  t a n  c2 + c3 t an  C 2  + C4 tanh C 1  
t an  &, = 

1 + C3 tanh C 1  - C 4  t an  C 2  
(78 )  

F1 = f l  + g1.I 
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cos  c5 = 
I F1l 

g l  
s i n  C5 = I F l i  

(85) 

2.3.3.4. Graph ica l  p r e s e n t a t i o n  of r e s u l t s .  

The r e s u l t s  of t h e  a n a l y s i s  may be p re sen ted  graph- 
i c a l l y  by t h r e e  sets of cu rves  for  t h e  high-damping, i n t e r m e d i a t e  
and low-damping regimes,  y i e l d i n g  the ampli tude a t t e n u a t i o n  and 
t h e  phase a n g l e  of t h e  fundamental  frequency. 

I f  S l i e s  between 0 and 1.0, u s e  Figs. 2.3.3-1 and 
2.3.3-2; i f  i t  i s  o v e r  100, use  Figs. 2.3.3-3 and 2.3.3-4. An 
i n t e r m e d i a t e  s e t  of curves  h a s  been computed f o r  S= 6.25 which 
are shown i n  Figs .  2.3.3-5 and 2.3.3-6 
Figs .  2,3.3-1, 2.3.3-2, 2.3.3-5 and 2.3.3-6 u s e  t h e  a t t e n u a t i o n  
f a c t o r  xTo as t h e  frequency index; F igs .  2.3.3-3 and 2.3.3-4 
u s e  t h e  parameter  Z as t h e  frequency index. 
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2.4 C l a s s i f i c a t i o n  of F l u i d  Regimes and S i m i l a r i t y  Rules.  

2.4.1. C l a s s i f i c a t i o n  of Dynamic Regimes. 

I t  i s  ve ry  important  t o  understand t h e  dynamic c l a s s i f i c a t i o n  
o f  f l u i d  regimes and t h e  p h y s i c a l  f a c t o r s  e n t e r i n g  such c l a s s i f i c a t i o n  
c r i t e r i o n .  

I t  i s  w e l l  known t h a t  t h e  c l a s s i c  Reynolds Number s u p p l i e s  t h e  
c r i t e r i o n  f o r  t h e  s t e a d y - s t a t e  c l a s s i f i c a t i o n  of f l u i d  regimes. Creep- 
i n g  flow, laminar f low,  t r a n s i t i o n a l  f low,  t u r b u l e n t  f low can be d e m t e d  
by appropr i a t e  numerical  v a l u e s  of t h e  Reyno Ids  Number. 

S i m i l a r l y ,  i t  has  been shown t h a t  t h e  d imens ion le s s  Stokes 
Number S = UD2 

t i o n s ;  i t  i s  i n  the  n a t u r e  of a dynamic damping index. Frequency, tube 
d i ame te r  and f l u i d  kinematic  v i s c o s i t y  e n t e r  i n t o  the  parameter ;  i t  
c l e a r l y  demonstrates  t h a t  f requency a l o n e  i s  n o t  s u f f i c i e n t  t o  deno te  a 
dynamic s ta te  i n  f l u i d  dynamics, as i t  seems to  be i n  e l e c t r i c i t y .  

c l a s s i f i e s  t h e  f l u i d  regimes i n  regard to dynamic condi-  -- 
4 y b  

Three b a s i c  dynamic f l u i d  regimes can be i d e n t i f i e d ,  as w i l l  be 
discussed be low. 

2.4.1.1. High Damping Regime. 

T h i s  a r e a  comprises t h e  S - range from 0 t o  1.0; a t  
S = 0, of cour se ,  t h e r e  i s  s t e a d y - s t a t e  flow. Here i t  i s  
e s s e n t i a l  t o  have s i m i l a r i t y  f o r  both R e  and S, s i n c e  t h e  s t eady-  
s t a t e  f low i s  t h e  boundary of t h e  area and q u a s i - s t e a d y - s t a t e  
flow may be assumed f o r  t h e  mathematical  s o l u t i o n .  

The elementary s o l u t i o n  may be used ,  i f  tube compress- 
i b i l i t y  may be neg lec t ed  and t h e  chamber p rocesses  are i so the rma l .  
A c r i t e r i o n  f o r  t h e  n e g l e c t  of tube c o m p r e s s i b i l i t y  i s  as f o l l o w s :  

Genera l ly ,  t h e  c o r r e c t e d  theo ry  should be used ,  w i t h  t h e  
a t t e n u a t i o n  and phase a n g l e  g iven  by eqs. 71 and 72. 

2.4.1.2. I n t e r m e d i a t e  - damping Area. 

Th i s  area comprises  t h e  S - range from 1.0 to 100; most 
p r a c t i c a l  a p p l i c a t i o n s  of p r o p o r t i o n a l  f h i d  c o n t r o l  c i r c u i t r y  
are expected to f a l l  i n  t h i s  area. 

The elementary s o l u t i o n  should n o t  be used i n  t h i s  area 
s i n c e  tube c o m p r e s s i b i l i t y  w i l l  be important  and t h e  chamber 
p rocesses  w i l l  be approaching a d i a b a t i c .  The c o r r e c t e d  theory 
should be u s e d ,  w i t h  the  a t t e n u a t i o n  and phase a n g l e  g iven  by 
eqs* 77 and 78. 

2 -24 



2.4.1.3. Low-damping Area. 

T h i s  a r e a  comprises the  S - range above 100; the  
upper  l i m i t  i s  n o t  de f ined  by a S va lue ,  b u t  by a n o t h e r  para-  
meter ,  i.e. LoD = 3.68. 

elementary l o n g i t u d i n a l  a c o u s t i c  a r e a  and i t s  upper  l i m i t  o f  
a p p l i c a b i l i t y  i s  given by t h e  o n s e t  o f  t r a n s v e r s e  a c o u s t i c  
waves. When such waves occur ,  the f u l l  three-dimensional  
a n a l y s i s  i s  required.  The co r rec t ed  theo ry  should be used,  
w i t h  t h e  a t t e n u a t i o n  and g iven  by eqs. 75 and 76. 

Th i s  a r e a  may be a l s o  termed t h e  
C 

2.4.2. S i m i l a r i t y  Rules. 

2.4.2.1. Dimensionless Parameters 

The theory developed i n  t h e  preceding s e c t i o n s  has  
shown t h a t  t h e  ampli tude a t t e n u a t i o n  r a t io  and t h e  phase ang le  
is dependent on t h e  fo l lowing  dimensionless  parameters:  

S = WDL 

V 

z = O L  
C 

(70) 

(73)  

I n  a d d i t i o n ,  t h e  classic Reynolds Number Re = E 
Y 

should also be considered,  t o  account f o r  s t e a d y - s t a t e  
s i m i l a r i t y  i n  t h e  tube ( p r e s s u r e - l o s s  and t r a n s v e r s e  v e l o c i t y  
d i s t r i b u t i o n  1. 

The geometr ic  s i m i l a r i t y  parameters  are L and 
D AL 

The h e a t  t r a n s f e r  s i m i l a r i t y  parameters  are e x p l i c i t l y  and 

a l s o  i m p l i c i t l y  i n  t h e  v e l o c i t y  of sound; they w i l l  be 
n 

neg lec t ed  e x p l i c i t l y  i n  the  fol lowing dimensional  a n a l y s i s .  
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I f  i n  a d d i t i o n  t o  t h e  Reynolds Number Re and the  
S tokes  Number S ( b o t h  b a s i c  parameters  which can be d e r i v e d  
d i r e c t l y  from t h e  f l u i d  e q u a t i o n s  of motion) ,  a n o t h e r  Reynolds 

( 8 9 )  Number i s  cons ide red ,  w i t h  t h e  form: 

then i t  w i l l  be shown t h a t  xTo and z can be expressed i n  
terms of S and Rea. 

R,, - - - CD 
Y 

t h u s  = s (4) 
Rea D 

( 9 1 )  

2.4.2.2. S i m i l a r i t y  Rules. 

From t h e  above c o n s i d e r a t i o n s  i t  has  appeared t h a t  
t o  i n s u r e  both s t e a d y - s t a t e  and dynamic s i m i l a r i t y  between 
two g e o m e t r i c a l l y  similar c i r c u i t s  ( e q u a l  4 and E), i t  i s  

necessa ry  t h a t  R e ,  S and Rea be cons t an t .  
D AL, 

Using s u b s c r i p t  1 (Io deno te  one c i r c u i t  and s u b s c r i p t  
2 t o  deno te  the  second c i r c u i t ,  i t  can be w r i t t e n :  

From eq. (92 )  : 
/ 2 =  U2D2 e2 
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From eq. ( 9 3 ) :  
- / c ( 2 = C 2  D2 @ 2  
A, - -- 

c L  Dl e1 

From eq. ( 9 4 ) :  2 

/tc2 =*2 D2 c 2  

S i n c e  a l l  three eqs. must  be v a l i d  by d e f i n i t i o n :  

T h e r e f o r e  

Aga in  f rom eq. ( 9 2 )  : 

( 9 6 )  

(97) 

SIMILARITY LAWS 

- FOR ( 9 8 )  

CONSTANT FLUID 

V I  s co S I  TY 

a n d  from eq. ( 9 4 ) :  - 
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Since  a l l  t h r e e  must be v a l i d  by d e f i n i t i o n  

1 1 
2- 
- 

Theref o r e  

Eqs. 9 8  and 102 p r e s c r i b e  the  c o r r e c t  s c a l i n g  procedure f o r  
t he  case  of cons t an t  f l u i d  v i s c o s i t y &  and c o n s t a n t  tube 
d iameter  D r e s p e c t i v e l y .  
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. 
2 . 4 . 3 .  Conclusions.  

I n  t h i s  s e c t i o n  t h e  e n t i r e  range of dynamic f l u i d  regimes has  
been d i scussed  and c l a s s i f i e d ,  from s t e a d y - s t a t e  v i s c o u s  flow t o  the  on- 
s e t  of t r a n s v e r s e  a c o u s t i c  waves. 

The d imens ion le s s  parameters ,  which u n d e r l i e  t h e  t h e o r e t i c a l  
r e s u l t s  of t h i s  c h a p t e r ,  have been presented and d i s c u s s e d  as t o  t h e i r  
r e l a t i o n  t o  the  b a s i c  Stokes and Reynolds Numbers. 

Complete s i m i l a r i t y  r u l e s  have been de r ived  and p resen ted ,  f o r  
t h e  case of c o n s t a n t  f l u i d  v i s c o s i t y  and f o r  t h e  c a s e  of c o n s t a n t  tube 
d i ame te r  . 
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2.5 E l e c t r i c a l  Analogy t o  F l u i d  Theory. 

T h e r e  are some u s e f u l  a n a l o g i e s  t o  be made between e l e c t r i c a l  networks 
and f l u i d  c i r c u i t s ;  t h e s e  a n a l o g i e s  are u s e f u l  o n l y  because they a l l o w  the 
e x t e n s i v e  e l e c t r i c a l  network theory t o  be e x p l o i t e d  f o r  t h e  r a p i d  approximate 
s o l u t i o n  of f l u i d  c i r c u i t  problems. 
d e f i n e d ,  w i t h  i t s  r e s t r i c t i o n  of v a l i d i t y  and i t s  l i m i t s  of a p p l i c a t i o n .  

However, t h e  analogy must be c a r e f u l l y  

i; 

2.5.1. Analogy t o  Elementary F l u i d  Theory. 

The s i m p l e s t  e lec t r ica l  ana log  t o  t h e  p a s s i v e  c i r c u i t  under 
s tudy may be drawn as f o l l o w s :  

I 
A i 

v, o u t p u t  -- cx  

The r e a l  a t t e n u a t i o n  r a t i o  i s  g iven  by: 

* * 
where R i s  the  e lec t r ica l  r e s i s t a n c e  and C 
and t h e  phase a n g l e  i s  g iven  by: 

t a n  6 ,  = R c G, 

is t h e  e l e c t r i c a l  c a p a c i t a n c e  

( 104) * *  

These expres s ions  may be compared w i t h  eq. 18: 

* *  
I t  i s  r e a d i l y  seen t h a t  t h e r e  i s  an analogy between R C CU and x o *  
Furthermore,  eq. 17 shows t h a t ;  xo = U ( 1 7 )  
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- and t h e r e f o r e  t h e r e  i s  a d i r e c t  analogy between t h e  e lec t r ica l  and f l u i d  
q u a n t i t i e s  * * 

R C = > ,  ( 105 1 

It  remains to i n t e r p r e t  t h e  r e s i s t a n c e  q u a n t i t y  and t h e  capac i t ance  
q u a n t i t y  from t h e  R*C*product. 
From eq. 10: 

However 

Theref o r e  ( 106) 

The q u a n t i t y  dp L i s  the  t o t a l  s t e a d y - s t a t e  p r e s s u r e  d i f f e r e n t i a l  o v e r  

t h e  tube l eng th  L ,  t hus  i t  must be t h a t  
ax 

R * = >  - L (107)  Ib  sec RES1 STANCE 
ax Q f t  5 (Volumetric f low) 

and t h e r e f o r e  t h e  capac i t ance  C* must correspond to :  

c* = J- (108) f t 5  CAPACITANCE 
( Volumetric f low) - 

PO l b  

It  i s  t o  be noted t h a t  volume flow Q as t h e  analog "cu r ren t "  i s  used f o r  t h e  
r e s i s t a n c e ;  laminar incompressible  f low w a s  assumed i n  t h e  tube and f o r  
t h i s  type o f  f low t h e  p r e s s u r e  d rop  i s  p r o p o r t i o n a l  t o  t h e  v i s c o u s  s h e a r ,  
which i s  due t o  v e l o c i t y  r a d i e n t  and v i s c o s i t y .  On t h e  o t h e r  hand, t h e  

convenient  as t h e  ana log  "current" ;  then the  r e s i s t a n c e  must be d iv ided  
by : 

mass (or  we igh t )  f low e. 8 ( o r  g e Q) may be p r e f e r a b l e  as more g e n e r a l l y  

RESISTANCE 
(mass f low) 

and t h e r e f o r e  t h e  c a p a c i t a n c e  c* must correspondingly be m u l t i p l i e d  by 
to ma in ta in  h0 unchanged: 
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PO But s i n c e  - i s  t h e  square of t h e  i so the rma l  v e l o c i t y  of sound i n  the  

(111) c* = v - 
chamber, t (2 en 

C2 

' E f f o r t  C u r r e n t  Res i s t ance  Capsci tance 

E l e c t r i c  V ( v o l t s )  I (amps) R* (ohms) C* ( f a r a d s )  

F lu id  - Volume Flow p ( l b / f t 2  Q ( f t  3 /set) e L!lb s e c )  (-) f t 5  
ax Q f t 5  Po l b  

F lu id  - Mass Flow p ( l b / f t 2 )  M (u 1 a p  -- L ( 1 : V ( f t  s ec2 )  
f t  bx M f t  sec 

F lu id  - Weight Flow P ( l b / f t 2 )  W ( l b / s e c )  L (-1 v ( f t  2, - a* w f t 2  RT 

But s i n c e  C2 = g RT 
where 

then c* = v 
g RT 

(112) 

2 g = 32.2 f t / s e c  ( a c c e l e r a t i o n  of g r a v i t y )  

R = f t /  F ( g a s  c o n s t a n t )  
0 

(113) CAPACITANCE 
(mass f low) 

The above t a b l e  summarizes t h e  e l e c t r i c a l  analogy t o  t h e  elementary f l u i d  
theory. I t  i s  t o  be w e l l  understood t h a t  t h e r e  are t h r e e  p o s s i b l e  
d e f i n i t i o n s  of f l u i d  parameters ,  depending on whether t h e  volume f low,  
t h e  mass f low o r  t he  weight f low i s  p r e f e r r e d  f o r  t h e  "current" .  Each se t  
of parameters i s  v a l i d ,  b u t  c a r e  must be taken t o  avoid in t e rchang ing  
parameters between t h e  t h r e e  s e t s .  The cho ice  of t he  "cu r ren t "  i s  up t o  
t h e  c i r c u i t  d e s i g n e r  and depends on t h e  p a r t i c u l a r  c i r c u i t  and t h e  f l u i d  
and pressure used. For  l i q u i d s ,  t he  volume flow seems i n d i c a t e d ;  f o r  
compressible g a s e s  a t  s u b s t a n t i a l  p r e s s u r e  r a t i o s ,  t h e  mass o r  weight  
f low would be probably used. I n  t h e  dimensional  n o t a t i o n ,  "lb." i s  i n -  
tended as pound fo rce .  The tube c o n t r i b u t e s  o n l y  a r e s i s t a n c e  and t h e  
o n l y  volume c o n t r i b u t i o n  is  t h a t  of t h e  chamber. While i t  may seem i n -  
c o n s i s t e n t  t h a t  incompressible  f low was assumed f o r  t h e  tube r e s i s t a n c e  
and isothermal  c o m p r e s s i b i l i t y  f o r  t h e  chamber, i t  must be noted t h a t  
t h e  f h i d  r e s i s t a n c e  mechanism i s  "incompressible"  i f  t h e  f low Mach 
Number i s  low ( s a y  0.1 o r  0.21, even i f  t h e  f l u i d  i t s e l f  i s  a compressible  
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. gas .  A change of p r e s s u r e  along t h e  tube w i l l  a f f e c t  t h e  l o c a l  d e n s i t y  
and f low v e l o c i t y  and t h u s  t h e  l o c a l  3 p , without  i n t r o d u c i n g  a c t u a l  

h igh  Mach "compress ib i l i t y"  e f f e c t s  i n  the flow p a t t e r n .  a x  

I n  conc lus ion ,  t h e r e  i s  an e x a c t  analogy between t h e  elementary 
f l u i d  theory and t h e  s imple lumped-parameter e l e c t r i c a l  c i r c u i t ;  t h e  
analogy w i l l  hold w i t h i n  t h e  r e s t r i c t i v e  assumptions of t h e  elementary 
theory.  

I t  i s  expected t h a t  t h i s  analogy w i l l  be ve ry  u s e f u l  f o r  q u i c k  
p re l imina ry  c i r c u i t  s y n t h e s i s  and design.  

2.5.2. Analopy t o  Corrected F l u i d  Theory. 

I n  g e n e r a l ,  t h e  s imple e l e c t r i c a l  network d i scussed  above i s  
n o t  an adequate  ana log  t o  the  c o r r e c t e d  f h i d  theory.  I f ,  however, t h e  
e l e c t r i c a l  network i s  improved by i n t r o d u c t i o n  of d i s t r i b u t e d  r e s i s t a n c e s  
and capac i t ances  t o  r e p r e s e n t  t h e  tube,  then i t s  b a s i c  u s e f u l n e s s  i s  
impaired by the  growing complexity of the  c i r c u i t ;  fu r the rmore ,  t h e r e  
does n o t  seem t o  be any clear c u t  manner t o  p r e s c r i b e  t h e  number o f  
d i s t r i b u t e d  parameters  r equ i r ed  as t h e  Stokes Number i n c r e a s e s  from 0 to 
100 and h ighe r .  

2.5.2.1. Analogy t o  High-damping Regime. 

F i r s t  t h e  analogy w i l l  be examined f o r  t h e  high- 
damping ( s m a l l  s )  f l u i d  regime, where t h e  a t t e n u a t i o n  r a t i o  
approaches t h e  elementary formula f o r  s m a l l  v a l u e s  of t h e  
a t t e n u a t i o n  parameters.  

F o r  small Y T o ,  t h e  a t t e n u a t i o n  approaches: 

and f o r  bo th  pIo and pTo small, the a t t e n u a t i o n  approaches: 

L 

2 

The t w o  above e q u a t i o n s  are t o  be compared wi th  t h e  elementary 
SO l u  t i o n  
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and i t  is seen t h a t  they possess  the  same form. 
of small va lues  of bo th  
a composite a t t e n u a t i o n  f a c t o r  

For t h e  case  
pTo and plo it  is p o s s i b l e  t o  d e f i n e  

by the  r e l a t i o n  

For  the  analogy then ,  f o r  s m a l l ~ T o  and pl0 va lues :  

R*C* = = (114)  

Theref o r e  

and f i n a l l y  

2 
where A = 71D 

4 
and AL = volume of tube  

A s  was done before  

R * n b p  L 
a x  Q 
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o r  C* = Co* [+ + AL 1 ] 
V n E  

i E f f o r t  

E lec t r ic  V 

F l u  id-Vo lume tr i  c F low P 

F l u i d  - Mass Flow P 

F l u i d  - Weight Flow P 

where co* i s  t h e  elementary theo ry  capac i t ance  

Cur ren t  Res i s t ance  ' Capaci tance 

I R* C* 

Q -kL 

W 
ax w 

The r e s i s t a n c e  analogy has  remained unchanged, b u t  t h e  capac i t ance  
analogy has  changed t o  i n c l u d e  p o l y t r o p i c  exponents and t o  i n c l u d e  
a c o n t r i b u t i o n  from the  tube volume. 

I f  & i s  small, then t h e  o n l y  change to t h e  elementary theory 

c a p a c i t a n c e  i s  the  i n c l u s i o n  of t h e  p o l y t r o p i c  chamber exponent m. 
V 

A summary t a b l e  f o r  t he  analogy i s  shown below, similar t o  t h a t  

f o r  t he  elementary theory.  

ELECTRICAL ANALOGY TABLE II 

The dimensional  n o t a t i o n  i s  the  same used i n  Table I. 

The p o l y t r o p i c  exponents m and n ( f o r  chamber and tube 
r e s p e c t i v e l y )  are n o t  n e c e s s a r i l y  equal ;  t h e i r  v a l u e s  range 
from 1.0 ( i s o t h e r m a l )  t o  f ( a d i a b a t i c ) .  
f i rs t  approximation t h a t  a l i n e a r  r e l a t i o n  be assumed f o r  
m and n a g a i n s t  t he  parameter  , i.e. m = n = 1.0 @ Z = 0 
and m = n = @ 2 = 100. For  s > 100, i t  i s  c e r t a i n l y  t r u e  
t h a t  m = n = 

It  i s  suggested as a 

y. 

2-35 



A c t u a l l y  m and n should be determined by experiment f o r  the 
p r e v a i l i n g  o p e r a t i o n a l  c o n d i t i o n s .  

I t  remains t o  d i s c u s s  t h e  meaning of t h e  assumed c o n d i t i o n  t h a t  

pIo and y~~ a r e  both s m a l l .  When t h i s  c o n d i t i o n  i s  v i o l a t e d ,  
then t h e  simple e l e c t r i c a l  analogy seems to break down. 

For t h e  a t t e n u a t i o n  parameters  y's to be small, t h e  a t t e n u a -  
t i o n  f a c t o r  X I S  must be small. 

4 Thus 7mp.D >> 1 2 8 A  OL V W 

o r  &/yo >> 40 

On the  r i g h t  s i d e  are a l l  t h e  

( 122) LIMITATION CRITERION I 

geometr ic  q u a n t i t i e s ,  on t h e  l e f t  - 
s i d e  are a l l  t h e  f l u i d ,  thermodynamic and dynamic q u a n t i t i e s .  

( 124) LIMITATION CRITERION I1 

Thus i t  may be s t a t e d  t h a t  f o r  t h e  s imple e lec t r ica l  analogy to be 
v a l i d  even i n  the high-damping f l u i d  regime, t h e  above c r i t e r i a  
I and I1 must g e n e r a l l y  hold.  

>> symbol can o n l y  be made clear by abundant experimental  d a t a .  
C e r t a i n l y  t h e  l e f t - s i d e  q u a n t i t y  should be a t  least one o r d e r  of 
magnitude g r e a t e r  than t h e  r i g h t - s i d e  q u a n t i t y .  

S ince  o n l y  t h e  high-damping regime w a s  cons ide red ,  where S 
then t h e  t o t a l  r e s t r i c t i v e  se t  o f  cr i ter ia  i s  summerized below 
(assuming m 3 n )  : 

The p r a c t i c a l  l i m i t a t i o n  of t h e  

1, 
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( 124) LIMITATION C R I T E R I A  

FOR APPLICABILITY 

OF SIMPLE ELECTRICAL 
(122) 

(70) ANALOGY. 

Whenever t h e  e l e c t r i c a l  analogy i s  a p p l i e d ,  i t  i s  
recommended t h a t  t h e  above c r i t e r i a  be computed and recorded,  so 
as t o  b u i l d  up a body of experimental  d a t a  t o  v e r i f y  t h e  accuracy 
of t he  analogy and t h e  a p p l i c a b i l i t y  of t h e  above c r i te r ia .  

2.5.2.2. Analogy t o  Low and Intermediate  Damping Regimes. 

S ince  the  simple e l e c t r i c a l  analogy i s  l imi t ed  w i t h i n  
t h e  high-damping regime, i t  i s  c l e a r l y  n o t  a p p l i c a b l e  t o  t h e  
i n t e r m e d i a t e  and low damping f l u i d  regimes. A more complex 
e lec t r ica l  analogy must be made, by t h e  i n t r o d u c t i o n  of d i s t r i b u t -  
ed r e s i s t a n c e s  and capac i t ances  t o  r e p r e s e n t  t h e  tube. There 
does  n o t  seem t o  be any c l e a r  c u t  manner t o  p r e s c r i b e  t h e  number 
of d i s t r i b u t e d  parameters  r equ i r ed  a s  S i n c r e a s e s  from 1.0 t o  
LOO and h ighe r .  

I n  any even t ,  t h e  u s e f u l n e s s  of t h e  s imple e lec t r ic  
analogy f o r  p re l imina ry  c i r c u i t  design work i s  c e r t a i n l y  impaired 
by t h e  growing complexity of t h e  electrical c i r c u i t .  

I n  t h e  ve ry  low damping ( a c o u s t i c )  regime f o r  S >) 100, 
an analogy may be made between t h e  e l e c t r i c a l  "telephone" equa- 
t i o n s  and t h e  l o n g i t u d i n a l  (one-dimensional)  f l ow equa t ions  when 
t h e  f l u i d  v i s c o s i t y  i s  assumed t o  be n e g l i g i b l e  $40 0 ) .  This  
analogy i s  d e s c r i b e d  i n  Appendix 111, "On t h e  Use fu iness  of t h e  
Analogy Between Acous t i ca l  and E l e c t r i c  C i r c u i t s " .  

I n  a l l  cases, whether i t  i s  t h e  s imple lumped-parameter 
analogy,  t h e  d i s  t r i b u  ted-parame te r  analogy o r  t h e  telephone- l i n e  
analogy,  t h e  analogy i s  n o t  an i d e n t i t y ;  i t s  q u a l i f i c a t i o n s  and 
l i m i t a t i o n s  must be c l e a r l y  understood. 
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2.7. LIST OF SYMBOLS Dimensions 

J0,J 
L 

M 

Q 

r 

R 

R* 

R e  

U 

z 
T 

V 

W 

b 

C 

f 

tube c r o s s - s e c t i o n a l  a r e a  

v e l o c i t y  of sound 
v e l o c i t y  of sound i n  tube 
v e l o c i t y  of sound i n  chamber 
e l e c t r i c a l  capaci tance 

i n s i d e  d i ame te r  of tube 

c o r r e c t i o n  func t ions  
Bessel f u n c t i o n s  
tube l eng th  

mass f low 

vo lumet r i c  f low 

volume r a t i o  

g a s  c o n s t a n t  

e l e c t r i c a l  r e s i s t a n c e  

Reynolds Number 

Mean v e l o c i t y  i n  tube 

frequency parameter 

a b s o l u t e  temperature 

chamber volume 

weight  f low 

F’I 
[ f t l s e c ]  

[ ftirad s] 

1. ftl 
I: O I  

lftl 
[lbf ::c 1 

TI0] 
[ f t 3 /  sec] 

[ f t / @  F] 

[ohms] 

I O I  

Co1 
P I  

[ f t / s e c ]  

[ft31 
[ l b l sec ]  

c o m p r e s s i b i l i t y  f a c t o r  f o r  l i q u i d s  

a r b i t r a r y  cons t an t  

a r b i t r a r y  func t ion  

Besse l  f u n c t i o n  arguments 

c O 1  

r O 3  

E: ftl 
c O1 

e n t r a n c e  length of tube 

exponent of po ly t rop ic  expansion of 
chamber 
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exponent of  p o l y t r o p i c  expansion of  tube  

p r e s s u r e  

t i m e  

a x i a l  v e l o c i t y  

a x i a l  d i s t a n c e  a long  tube  

S tokes  Number 

ra t io  of  s p e c i f i c  heat.s  

phase a n g l e  

d e n s i t y  ra t io  

t i m e  cons  t a n  t 

a b s o l u t e  f l u i d  v i s c o s i t y  

Kinematic f l u i d  v i s c o s i t y  

f r a c t i o n a l  p r e s s u r e  increment  

f l u i d  mass d e n s i t y  

v e l o c i t y  p o t e n t i a l  

a t t e n u a t i o n  f a c t o r  

a t t e n u a t i o n  parameter 

a n g u l a r  f requcncy 
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Real amplitude ratio vs. attenuation factor, for several ratio of chamber to 
tube volumes. High-damping regime ( S  21.0). 

FIGURE 2.3.3-1 
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Phase lag vs. attenuation factor, for several ratios of chamber to tube 
volumes. High-damping regime ( S  5 1.0). 

FIGURE 2.3.3-2 
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Real amplitude ratio vs. frequency parameter Z for several ratio of chamber 
to tube volumes. Low -damping regime (S5100). 

FIGURE 2.3.3-3 
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Phase lag vs. frequency parameter Z for several ratios of chamber to tube 
volumes. Low-damping regime6 I l O O ) ,  for Y = 1.0 (solid line) and Y = 2.0 
(dashed line). Vertical lines are for ,limit case of zero damping. 

FIGURE 2.3.3-4 
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xTo Real amplitude ratio vs. attenuation factor, for several ratios of chamber to 
tube volumes. Intermediate damping regime ( S = 6.25), for Y = 1.0 (solid 
line) and Y = 2.0 (dashed line). 

FIGURE 2.3.3-5 

IO 

XTO 
Phase lag vs. attenuation factor, for several ratios of chamber to tube volumes. 
Intermediate-damping regime ( S = 6.25), for 7 = 1.0 (solid line) and Y =  2.0 
(dashed line). 

FIGURE 2.3.3-6 
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FEASIBILITY STUDY OF A THRUST-VECTOR-CONTROL 

SERVOS Y STEM 

3.1. Introduction 

The new technology of pure fluid amplification deserves careful 
consideration for use in selected NASA programs because of the potential 
high reliability of operation under adverse environmental conditions. A 
particularly promising application is the use of a fluid servo system in 
thrust vector control of large boosters. The environmental conditions of 
temperatures ranging from LH (-250' F) to combustion chamber temperatures 
(5000° F), extremely high acoustic levels, and severe vibration levels, 
all of which are found in large rocket boosters, may require fluid control 
systems. One promising future fluid servosystem for thrust vector control 
could operate with commands from the upper stage but upon stage separation 
the fluid servosystem would utilize fluid inertial components to serve as 
the control system for booster recovery. 

2 

The ultimate objective of this program is the development of proto- 
type hardware utilizing the inherent high reliability of pure fluid systems 
and which would be applicable to servosystem requirements in selected NASA 
programs. The thrust vector control of Saturn class vehicles has been chosen 
as a typical application for this preliminary development effort. 

A fluid hybrid system connotates the use of components other than 
pure fluid in addition to certain pure fluid components. In any system 
requiring a controlled movement of a mechanical part (such as the gimballed 
nozzle), the system cannot be a pure fluid system. However, if thrust 
vector control is accomplished by the use of secondary injection of gases 
from the combustion chamber into the nozzle, then a pure fluid TVC system 
can be designed. 
pure fluid systems which could be designed around the basic thrust vector 
control problem. 

The table 3.1-1 illustrates three types of hybrid and 

The servosystem problem involves the control of a gimballed nozzle in 
response to electrical commands from the Saturn upper stage guidance 
computer. It will be noted that the system requires an electrical to fluid 
input transducer, a pure fluid servo-amplifier containing a summing junction, 
a servovalve, an actuator, and a position feedback transducer. 

The best proportional pure fluid component (yet developed) to be used 
as the basis for high gain servo-amplifier functions, summing and differencing 
functions, and servo-shaping functions is the Impact Modulator developed by 
Johnson Service Company. 
with Johnson Service Company has utilized the Transverse Impact Modulator 
to perform the required fluid control functions. 

Sperry Utah Company under exclusive arrangements 
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, 
I 

3.2.  General Description of NASA Nozzle-Gimballing Servosystem. 
I 

A specific class of nozzle-gimballing TVC servosystems for Saturn- 
type vehicles has been considered for this feasibility study. 

the actuator and the servovalve are of conventional design. 

The type of 
I servosystem will be a Hybrid Type 11, as defined above in Table 3.1-1,  where 
I 

3.2.1.  NASA System Specifications. 
I 

The NASA system information has been derived from NASA 
"Pneumatic Actuator Thrust Vector Control Specification'' of 12-9-63, 
Dwg 50M35026. 
and at a nominal maximum pressure of 800 
environment is expected to be near vacuum.lO?he actuator stroke is to be 
3.0" and the gimballed-nozzle angular range is to be +_ 7.5O. 

The available fluid is cold aseous hydrogen at -250° F 
!?O PSIG. The vehicle space 

The closed-loop maximum actuator force is to be 34,800 lb. 
Rated load is to be 23,200 Ib, consisting of 7300 lb dry friction 
and an inertia load of 1400 slugs. 

The gas consumption shall be not greater than 3.0 lb/min with 
the system cycling at 0.3 cps with the input magnitude corresponding 
to 1 / 3  max. actuator displacement. 

The quiescent flow consumption shall be limited to 0.08 lb/min. 

The maximum closed-loop actuator velocity under rated load 
shall be not less than 1.6 in/sec and the load acceleration shall be 
not less than 21 in/sec2. 

The transient response to a step input of 0.05" (0.25O) shall be 
within +_ 2.5% of the steady-state value within 0.35 seconds, as shown in 
Fig. 3.2-1 .  

The closed-loop frequency response of the entire servosystem 
as shown in Fig. 4.2-2 shall have no greater than 200 phase lag at 
1 cps and a peak amplitude ratio not greater than 1.5.  The system shall 
be stable with at least 30' and 6 db phase margin and gain margin 
respectively. 

The system shall have a bandwidth of at least 8 cps. 

The linearity of the position feedback transducer shall meet 
the requirements shown in Fig. 3.2-3.  

3.2.2.  Definition of Two Subsystems and of Interface. 

For this feasibility study effort, a Hybrid Type 11 servosystem 
is considered. 
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The first reason for this choice is that a pure fluid servo- 
valve has not yet been developed and the second reason is that no 
known pure fluid servovalve can meet the stated requirements of very 
small quiescent flow. 

A11 pure fluid servovalve are characterized by a more or less 
constant fluid demand. Tt is believed that 20% of maximum flow is 
the best that could be achieved with the present state of the art with 
a pure fluid vortex throttling valve. 

The complete servosystem of Fig. 3 .2 -2  can be redrawn as a 
hybrid fluid-mechanical system as shown in Fig. 3 . 2 - 4 ;  it comprises a 
Fluid Bridge, an Operational Amplifier with Shaping Circuits, Fluid 
Bellows, a conventional Servovalve and a conventional Actuator. 

For convenience of analysis and development, the hybrid 
servosystem may be subdivided into two parts, i.e. the Fluid Control 
Subsystem and the Power Subsystem, as indicated in Fig. 3 .2 -4 .  The 
interface between the two subsystems is given by the fluid bellows, 
which accept the fluid output of the Operational Amplifier and 
provides the force input to the conventional servovalve. 

The Fluid Control Subsystem comprises the electridfluid 
command transducer, the fluid position-feedback transducer (mounted 
on the actuator shaft), the operational amplifier and the fluid 
bel lows. 

The Power Subsystem comprises the fluid bellows, the servo- 
valve, the actuator and the load. 

The bellows are listed with both subsystems because they 
form the interface. 

3 . 3 .  Program Goals. 

The program goals under this contract comprise the feasibility study 
and demonstration of the Fluid Control Subsystem. 

First the steady-state performance of the components was developed 
and demonstrated, with particular attention to linearity and repeatability; 
then the entire subsystem was tested, from electric command input to output 
pressure into the fluid bel lows. 

Dynamic analysis was performed for all components and for the sub- 
system; from these results shaping requirements were determined, on the 
basis of the servo analysis of the complete system (including load) and of 
the NASA specifications. 
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3.4 Power Subsystem. 

Some knowledge of the servovalve and actuator package is required 
in order to design the Fluid Control Subsystem output properly. 

A tentative selection has been made, on the basis of the Gemini Rotary 

Rand Corporation for North American Aviation under contract to NASA. 
I Actuator package, which was developed by the Vickers Division of Sperry 

The package characteristics have been found to be approximately 
satisfactory for the system considered, with the addition of a lead screw 
or similar mechanism to convert rotary into linear motion. 

The dynamic characteristics of the servovalve-actuator assembly 
have been studied by Vickers at some length. 

I Figure 3.4-1 gives a simplified simulation diagram of the Gemini 
Actuator Assembly for force input, which is the applicable input from the 
fluid bellows. The required force input is +_ 15 lbs and the required 
bellows displacement has to be +_ 0.015"; these data are sufficient to 
design the output of the Fluid Control Subsystem. 

~ 

Otherselections may be made later, on the basis of different 
hardware, at the option of NASA personnel. 

3.5 Fluid Control Subsystem. 

3.5.1. Introduction. 

Considering Fig. 3.2-4, the Fluid Control Subsystem 
comprises an electric-to-fluid command transducer, a fluid position- 
feedback transducer (mounted on the actuator output shaft), an 
operational amplifier with associated shaping circuits as required, 
and fluid bellows. 

The gross requirements imposed on the subsystem are as 
follows: 

NASA Specs Output Shaft Displacement 0" - 3.0" 
Max. Electric Input to Servovalve 250 mw. 

Gemini Bellows Force 

Assembly Specs Bellows Displacement 

+ 15 lb. - 

+ 0.015" - 

The fluid-dynamics analysis of the subsystem for this program 
has been directed toward room-temperature air as the working fluid 
and std. atmosphere as the dump conditions. 

The first fluid problem is the selection of a supply pressure 
common to all fluid elements, which would be as low as possible, to 
minimize flow and power requirements. 
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A s  w i l l  be shown later i n  d e t a i l  f o r  each component, t h e  
minimum common supply p r e s s u r e  i s  20.0 PSLG. 

One of t h e  subsystem f l u i d  parameters  which was i n v e s t i g a t e d  
i s  t h e  e f f e c t  of supply p r e s s u r e  v a r i a t i o n  and t h e r e f o r e  t h e  supply - 
dump p r e s s u r e  r e g u l a t i o n  requirements .  T h i s  p r e s s u r e  r e g u l a t i o n ,  
which i s  t a k e n  f o r  g r a n t e d  i n  t h e  l a b o r a t o r y ,  may w e l l  prove t o  be 
one of t h e  major problems i n  a space  system. 

The second f l u i d  problem of t h e  subsystem i s  t h e  flow-and- 
p re s su re  matching of t h e  e l e c t r i c  t r a n s d u c e r  t o  t h e  feedback t r a n s d u c e r  
and t h e  matching of both t o  t h e  o p e r a t i o n a l  a m p l i f i e r .  

F i n a l l y  t h e  o p e r a t i o n a l  a m p l i f i e r  must have a s u f f i c i e n t  f l o w  

The maximum p r e s s u r e  d i f f e r e n t i a l  a c r o s s  t h e  
and p r e s s u r e  o u t p u t  t o  o p e r a t e  t h e  bel lows f a s t  enough and t o  y i e l d  
t h e  r e q u i r e d  f o r c e .  
bellows should be a t  l ea s t  10 PSL and t h e  f l o w  i n t o  t h e  bel lows should 
be of t h e  o r d e r  of 1 / 3  CFM. 

3 .5 .2 .  E l e c t r i c / F l u i d  Command Transducer .  

The e l e c t r i c - t o - f l u i d  command t r a n s d u c e r  h a s  been s e l e c t e d  
t o  be t h e  Johnson S e r v i c e  Company Model N-6800, which was o r i g i n a l l y  
developed f o r  t empera tu re  c o n t r o l  of i n d u s t r i a l  i n s t a l l a t i o n s .  The 
dev ice  i s  shown i n  F i g .  3.5-1; i t  was designed t o  conve r t  a 0 t o  15 
v o l t  DC i n p u t  s i g n a l  i n t o  a l i n e a r  0 t o  20 PSI o u t p u t  p r e s s u r e .  
The in s t rumen t  h a s  a f a c t o r y  c a l i b r a t e d  s e n s i t i v i t y  s e t t i n g  of 1.33 
P S I / v o l t ;  a c a l i b r a t i n g  s e t  screw i s  provided f o r  a d j u s t i n g  t h e  
s e n s i t i v i t y  t o  any v a l u e  w i t h i n  a 0 .5  t o  4.0 P S I / v o l t .  range. 

A change i n  t h e  v o l t a g e  i n p u t  t o  t h e  t r a n s d u c e r  e l e c t r o -  
magnetic c o i l  changes t h e  p o s i t i o n  of t h e  t r a n s f e r  l e v e r  i n  r e l a t i o n  
t o  a c o n t r o l  p o r t .  T h i s  a c t u a t e s  a pneumatic f l a p p e r - v a l v e  r e l a y  
and produces a n  o u t p u t  p r e s s u r e  which i s  l i n e a r  t o  t h e  i n p u t  v o l t a g e .  

Pneumatic feedback i s  i n c o r p o r a t e d  t o  p rov ide  maximum accuracy  
and s t a b i l i t y  between t h e  i n p u t  v o l t a g e  and t h e  o u t p u t  p r e s s u r e .  On 
e l e c t r i c  power f a i l u r e ,  t h e  o u t p u t  p r e s s u r e  w i l l  be z e r o  ( s h u t - o f f  
f low).  

The c o i l  r e s i s t a n c e  i s  1000 ohms, so t h a t  t h e  c u r r e n t  i s  0-15 
m a  DC f o r  an  i n p u t  r ange  from 0-15 v o l t s  DC, y i e l d i n g  a maximum 
input  power of 2 2 5  mw,  which i s  below t h e  s p e c i f i e d  250 mw. 

I n  t h i s  a p p l i c a t i o n ,  t h e  N-6800 t r a n s d u c e r  h a s  been 
employed i n  a p a r t i c u l a r  manner, i . e .  t h e  f l o w  h a s  been by-passed t o  
atmosphere through a f i x e d  o r i f i c e  and t h e  f l u i d  o u t p u t  h a s  been 
tapped o f f  t h e  chamber comprised between t h e  f i x e d  o r i f i c e  and t h e  
e l e c t r i c a l l y  c o n t r o l l e d  v a l v e .  T h i s  was done i n  o r d e r  t o  r educe  
t h e  o u t p u t  p r e s s u r e  r ange  from 20 PSI  t o  1 . 5  PSL, which was d e s i r e d  
f o r  t h e  o p e r a t i o n a l  a m p l i f i e r  i n p u t .  
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I n  t h i s  manner of o p e r a t i o n ,  t h e  e l e c t r i c  i n p u t  has  been 
l i m i t e d  from 0 . 2  t o  0.8 v o l t s  D C ,  wi th  consequent r educ t ion  of 
t h e  maximum e l e c t r i c  i n p u t  power t o  about  1 mw, which i s  ex t remely  
low and two o r d e r s  of magnitude less than  the a l lowed 250 mw. The 
s t e a d y - s t a t e  c a l i b r a t i o n  of t h e  modified t ransducer  i s  shown i n  
F i g .  3 .5-2 ,  f o r  a supply  p r e s s u r e  of 20.0 PSIG a g a i n s t  a tmospher ic  
dump. The l i n e a r i t y  of  o u t p u t - p r e s s u r e  a g a i n s t  i n p u t  v o l t a g e  i s  seen  
t o  be good, t h e  r e p e a t a b i l i t y  i s  a l s o  s a t i s f a c t o r y .  

I t  i s  t o  be noted ,  however, t h a t  t he  t r a n s d u c e r  i s  s e n s i t i v e  
t o  supply p r e s s u r e  changes,  t h e  o u t p u t  pressure  be ing  d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  supply  p r e s s u r e ;  a l s o ,  i n  i t s  p r e s e n t  form, t h e  
t r a n s d u c e r  i s  s u s c e p t i b l e  t o  shock and v i b r a t i o n  and i t s  f requency  
response  i s  q u i t e  low, be ing  l i m i t e d  t o  about 5 cps .  The N-6800 
t r a n s d u c e r  has  been s a t i s f a c t o r y  f o r  a f e a s i b i l i t y  demonst ra t ion  of 
t h e  F l u i d  Cont ro l  Subsystem; however, f o r  a c t u a l  space  a p p l i c a t i o n ,  
i t  must be redes igned  t o  make t h e  device  more rugged, i n c r e a s e  t h e  
bandwidth t o  be f l a t  t o  a t  least  50 cps  and i n c r e a s e  t h e  n a t u r a l  
f requency  h igh  enough t o  p r e s e r v e  system s t a b i l i t y .  A l so  i t s  
s e n s i t i v i t y  t o  supply p r e s s u r e  must be decreased by a n  a p p r o p r i a t e  
feedback loop.  

3.5.3. Pos i t ion-Feedback  Transducer .  

The f l u i d  pos i t i on - feedback  t ransducer  must y i e l d  a f l u i d  
p r e s s u r e  which i s  l i n e a r l y  p r o p o r t i o n a l  t o  a l i n e a r  o r  r o t a r y  
d isp lacement .  

One approach t o  t h e  problem i s  a l i n e a r  v a r i a b l e  r e s i s t a n c e ;  
a second approach i s  t h e  n o z z l e - f l a p p e r  arrangement .  S ince  t h e  
f i r s t  approach would be q u i t e  d i f f i c u l t  t o  apply t o  a r o t a r y  d i s -  
placement ,  i t  w a s  decided t o  employ t h e  second approach as  t h e  more 
g e n e r a l  and as posses s ing  ample t e c h n i c a l  background. 

F l e c k e n s t e i n l  p r e s e n t s  a method f o r  de te rmining  t h e  Laplace  
t ransform of a pneumatic n o z z l e - f l a p p e r  combination. 

2 Norwood has  conducted e x t e n s i v e  s t u d i e s  on nozz le - f l appe r  
va lves .  Pawlak3 a l s o  has  i n v e s t i g a t e d  t h e  nozzle-f l apper .  

Much work h a s  been done a t  t h e  Dynamic Ana lys i s  and Con t ro l  
Labora tory ,  MlT under  c o n t r a c t  t o  t h e  US A i r  Fo rce  Bas i c  Research 
and Development i n  F l u i d  Power Con t ro l .  

The mode of o p e r a t i o n  chosen f o r  t he  p o s i t i o n  t r ansduce r  
was t o  keep t h e  upstream o r i f i c e  a lways s u p e r c r i t i c a l  and t h e  
downstream nozz le  f low always subsonic  f o r  a l l  f l a p p e r  p o s i t i o n s .  
I n  t h i s  manner, f o r  a c o n s t a n t  supply  condi t ions ,  t h e  weight  f low 
p a s s i n g  through t h e  nozz le  would be cons t an t  f o r  a l l  f l a p p e r  p o s i t i o n s ,  
a s s u r i n g  more a c c u r a t e  p r e s s u r e  o u t p u t  and f a s t e r  ope ra t ion .  
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The dimensioning of t h e  d e v i c e  was d i c t a t e d  by t h e  r e q u i r e -  
ment t o  have a nozz le  f low ve ry  much g r e a t e r  t han  t h e  f low tapped 
o f f  t o  t h e  o p e r a t i o n a l  a m p l i f i e r ,  so  t h a t  t h e  chamber p r e s s u r e  would 
not  be d i s t u r b e d .  

The upstream o r i f i c e  d i ame te r  was se t  a t  0.048" and t h e  
nozzle  d iameter  a t  0.125". 

The f l o w  ra te  a t  20 PSIG was 1.22 CFM ( s t d .  a t m . )  
The f low r a t e  a t  25 PSIG was 1.37 CFM ( s t d .  a t m . )  
The f l o w  r a t e  a t  30 PSIG was 1.54 CFM ( s t d .  a t m . )  

S i n c e  l i n e a r  o r  r o t a r y  d isp lacement  was t o  be sensed,  t h e  
f l appe r  t a k e s  t h e  form of a cam, so shaped by empir ica l  development 
as  t o  y i e l d  a l i n e a r  r e l a t i o n s h i p  between d isp lacement  and chamber 
pressure .  

I t  h a s  been found t h a t  d i f f e r e n t  f l ow p a t t e r n s  occur  a t  
d i f f e r e n t  gap r a t i o s  so t h a t  t h e  cam p r o f i l e  i s  probably  dependent 
on the nozz le  Reynolds Number. 

S ince  t h e  nozz le  f low i s  cons t an t ,  R e  can be de f ined  by 
t h e  nozzle  d iameter ,  t h e  average  nozz le  f low v e l o c i t y  and t h e  f l u i d  
kinematic  v i s c o s i t y  a t  ambient cond i t ions .  

Also  i t  has  been found t h a t  s e v e r a l  l a y e r s  of f i n e  sc reen  
were requi red  i n  t h e  chamber t o  d i s s i p a t e  t h e  p r e s s u r e  f l u c t u a t i o n s  
due to  t h e  s o n i c  j e t  i s s u i n g  from t h e  o r i f i c e  i n t o  t h e  chamber. 

Two cams have been developed,  one f o r  a l inear0"-3 .0"  d i s -  
placement and ano the r  f o r  a n  angu la r  Oo-75O disp lacement .  
of the  two cams are  s imilar ,  though no t  i d e n t i c a l  because of t h e  
curva ture ;  t hey  are  shown i n  F i g .  3 .5-3 .  The minimum gap f o r  bo th  
cases i s  between 0.0205" and 0.021" and t h e  maximum gap i s  between 
0.045" and 0.055". 

The p r o f i l e s  

The s t e a d y - s t a t e  c a l i b r a t i o n  i s  p re sen ted  i n  F i g .  3 .5 -4  
showing t h e  o u t p u t  p r e s s u r e  a g a i n s t  d i sp lacement ,  a t  20.0 PSIG 
supply p r e s s u r e  a g a i n s t  a tmospher ic  dump. I t  i s  seen  t h a t  t h e  
l i n e a r i t y  i s  e x c e l l e n t  ove r  t h e  e n t i r e  d i sp lacement  range  and t h a t  
bo th  t r ansduce r s  are  p e r f e c t l y  matched; t h i s  i s  a s i g n i f i c a n t  
achievement i n  f l u i d  c o n t r o l  technology.  The e f f e c t  of supply  
pressure  changes i s  t o  a f f e c t  t h e  ou tpu t  p r e s s u r e  t o  t h e  square  of 
supply p r e s s u r e  r a t i o .  Here a g a i n  good supply p r e s s u r e  r e g u l a t i o n  
i s  requi red .  

The two t r ansduce r s  a r e  d i sp layed  i n  F i g .  3 .5-5  as mounted 
on  a l a t h e  c r o s s - f e e d  c a r r i a g e  and on a p r e c i s i o n  t u r n - t a b l e  
r e s p e c t i v e l y ,  f o r  s t e a d y - s t a t e  bench t e s t i n g .  
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3.5.4. Operational Amplifier Development 

The operational amplifier has been designed and developed at 
the Research Division of the Johnson Service Company on the basis of 
the "Transverse Impact Modulator'' proportional amplifier. The desired 
input and output characteristics of the amplifier have been specified 
by Sperry Utah early in the program on the basis of expected position 
transducer and electric transducer performance (pressure vs. dis- 
placement and volts vs. pressure). 

The Impact Modulator is described by B. G. Bjornsen4; 
proportional circuitry applications are given by T. J. Lechner and 
P .  H. Sorenson . 5 

3.5.4.1. Operational Amplifier Theory. 

An operational amplifier is a linear amplifier capable 
of multiplying the incoming signal by a constant, the value 
of which is selected by the ratio of a set of summing resistors. 
Figure 3.5-6a shows a schematic representation of an electronic 
operational amplifier which is idealized because it assumes 
the high gain amplifier in the forward leg has an infinite 
input impedance. While the electronic amplifier input 
impedance is not truly infinite it is many decades higher 
than the summing resistors and can be considered as such. In 
the pneumatic version of the operational amplifier the input 
impedance to the forward leg is not negligible and must be 
considered in the analysis, such that the schematic of Figure 
3.5-6b must be used. 

3.5.4.1.1. Analysis. 

In order to design an operational amplifier, 
the input characteristics of the amplifier must be 
prescribed. It is further assumed that the output 
power range of this amplifier be sufficient to drive 
the summing resistors that are to be used; that is, the 
one or more in its own feedback and the inputs to 
several other operational amplifiers. These prescribed 
characteristics can be found in reference 6, section I, 
where the necessary ones are summarized below. 

Input-output equations 

Input impedance 
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Input flow (perturbation) 

QA=pK+ 

equation 

1 - 'A 
RA 

( 3 )  

Consider an operational amplifier having 
n inputs (one or several of which may be set points), 
each input possessing a particular gain with respect 
to the output, where it is desired that these gains 
be the resistance ratios of the feedback to forward 
resistance. Figure 3.5-7 shows the basic design of 
the operational amplifier where an elevated pressure 
PL (above standard atmosphere) is used as zero reference 
in order to facilitate positive and negative signals. 

Summing the flows in Figure 3 . 5 - 7  we find, 

n 

Introducing the zero pressure level PL we can write 
the pressures in equation ( 4 )  in terms of the pressures 
that exist at the zero reference, and the variational 
values around this level, that is, 

pk = P -P  k = (1,2,3.. . .n) (5a) k L  

= L 

PA = P -P (ave) P -P  * (5c) A A  A B  

* Note that when the amplifier output is at PL the amplifier input pressure 
PA is not quite equal to P but rather B 

PA(ave) = pB - P -P  L R  
k0 

but since the gain ( K O )  is very high in the limit 

B Lim PA(ave) = P 

K O  + 00 

3 -10 



S u b s t i t u t i n g  equat ion  set 5 i n t o  4 

n 

( 6 )  1 
k L A B  Rf o L A B  QA => ( p  +E' - p  -P )+ - ( p  +P -P  -P ) 

k = l  k 

S u b s t i t u t i n g  ( 3  

1 
p &  + q "A = 

i n t o  ( 6 )  
n 

T h i s  equa t ion  c o n s i s t s  of t w o  p a r t s ,  t h e  
and t h e  v a r i a t i o n a l  terms, each o f  which 
s e p a r a t e  equa t ion .  I f  w e  now d e f i n e ,  

s t e a d y  terms, 
must be  a 

n 
1 1  

( T o t a l  Conductance) GT = k= 1 f 

t h e n  equa t ion  ( 7 )  breaks i n t o  t he  fo l lowing  t w o  
equa t ions ,  

S t eady  equat ion:  

n 

V a r i a t i o n a l  equat ion:  

n 
1 _1 ( P  - P  + 2 ( p  -PA) 

0 
- t R k  k A  R f 

- 
RA - 

k= 1 

( 9 )  

The s teady  equa t ion  ( 8 )  g i v e s  t h e  v a l u e  
of p r e s s u r e  PB when a l l  v a r i a t i o n a l  p r e s s u r e s  are  
ze ro .Equa t ion  ( 8 )  i s  p l o t t e d  i n  F i g u r e  3.5-8 and wi th  
t h i s  v a l u e  of PB equat ion  (2) can  be used t o  f i n d  t h e  
a m p l i f i e r  i n p u t  impedance, see F i g u r e  3 .5-9.  I n  bo th  
of t h e s e  f i g u r e s  P i s  t aken  t o  be 5 p s i g ,  as t h i s  i s  
t h e  v a l u e  used i n  our a m p l i f i e r  des ign .  L 

The v a r i a t i o n a l  equa t ion  ( 9 )  i s  t h e  e q u a t i o n  
of  main i n t e r e s t  and from i t  t h e  t r a n s f e r  f u n c t i o n  w i l l  
r e s u l t ,  expanding ( 9 )  w e  f i n d :  

n 
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From equation (1) it can be seen that the variational 
change in p is related to pA by 

0 

Po = -KoPA 

p = Po 

-kO 
A -  

Substituting (11) into (10) 
n 

(11) 

In order for the closed l oop  gain to be equal to the 
resistance ratio 5, the denominator in equation (12 )  

must equal unity, that is: 
,Rk 

If equation (13) is not zero its value is approximately 
the error (€1 of gain prediction, so that 

R 

Expanding: n 

E:%= € = L A +  1 + x 
k=l e) - 

100% ('0 RA R f  

n 

k=l R 
0 

(14) 
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Let K T  define one plus the sum of the operational 
amplifier gains, i.e., 

“ R  
KT = 1 +> f 

k=l Rk 
, then 

Three equations then, must be considered for the. 
amplifier design. 

7 

( 2 )  RA = 2 d  ‘B 
P 

- 

Elimination of PB and R from the above equations gives: 
A 
c 1 

This equation i s  plotted in Figure 3.5-10 where the 
deviation between the amplifier gain and that 
predicted by Rf/Ri can be directly determined by knowing 
the amplifier characteristics ( K o , P ,  P,) and the 
desired parameters ( K T ,  Rf). 

Normalizing the unknowns in equation set (16) by letting 
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and s o l v i n g  w e  f i n d  
a- 

3 . 5 . 4 , 1 . 2 .  Experimental  V e r i f i c a t i o n .  

F i g u r e  3 . 5 - l l a  shows t h e  comparison between 
t h e  c a l c u l a t e d  and a c t u a l  g a i n s  computed from equa t ion  
(12)  where o n l y  one i n p u t  was used.  From t h i s  i t  can 
be seen  t h a t  t h e  equa t ion  i s  a t r u e  r e p r e s e n t a t i o n  of 
t h e  a m p l i f i e r  g a i n .  I t  i s ,  however, d e s i r a b l e  t h a t  
t h e  g a i n  be independent  of t h e  a c t i v e  elements  such 
t h a t  f o r  a g iven  a m p l i f i e r  t h e  graph  of F igu re  3 . 5 - l l a  
must be consu l t ed  t o  a s s u r e  t h e  p r e d i c t i o n  e r r o r  i s  below 
t h e  d e s i r e d  v a l u e .  F i g u r e  3 . 5 - l l b  shows t h e  g a i n  range  
of t h e  o p e r a t i o n a l  a m p l i f i e r .  

A double  i n p u t  a m p l i f i e r  designed wi th  t h e s e  
c o n s i d e r a t i o n s  is shown i n  schemat ic  form i n  F i g u r e  
3.5-12. The performance cu rves  a re  i l l u s t r a t e d  i n  
F i g u r e s  3 .5-13  and 3.5-14. Corning r e s i s t o r s  were 
used,  and t h e  numbers p laced  on t h e  schematic  are t h e  
Corning num er ,  r e p r e s e n t i n g  r e s i s t a n c e  va lues  of t h a t  
number x 10 #f s e c / f t 5 .  l3 

There  was l i t t l e  t i m e  t o  perform f requency  
response  d a t a  but  t h e  c u t o f f  f requency  of t h e  a m p l i f i e r  
i s  probably i n  t h e  neighborhood of 10-20 cps .  The 
reason  f o r  t h i s  low cu to f f  f requency  i s  two-fold;  f i r s t ,  
t h e  capac i t ance  a t  t h e  e r r o r  j u n c t i o n  coupled wi th  t h e  
h igh  v a l u e s  of summing r e s i s t o r s  slowed t h e  system down, 
and second t h e  a c t i v e  e lements  were of r e l a t i v e l y  low 
power which were a f f e c t e d  by c a p a c i t i v e  loads .  A more 
d e t a i l e d  d i s c u s s i o n  of t h i s  s u b j e c t  i s  p re sen ted  l a te r .  
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3.5.4.2.  Operat ing S p e c i f i c a t i o n s  and C i r c u i t  Design of Summing 
Ampl i f i e r  f o r  F l u i d  Control Subsystem. 

The F l u i d  Con t ro l  Sub-system i s  shown i n  F i g u r e  3.2-4.  
The command s i g n a l  i s  obtained from an e l e c t r i c - t o -  
pneumatic t r ansduce r .  Th i s  s i g n a l  causes  an unbalance i n  t h e  
d i f f e r e n t i a l  i n p u t  and t h u s  t h e  ou tpu t s  of t h e  a m p l i f i e r  which 
a c t u a t e s  t h e  f i n a l  o p e r a t o r .  The o p e r a t o r  a l ters  t h e  a c t u a t o r  
p o s i t i o n  u n t i l  t h e  o u t p u t  s h a f t  (which i s  connected t o  t h e  
a c t u a t o r )  i s  r e p o s i t i o n e d  such t h a t  t h e  a m p l i f i e r  i n p u t s  are 
a g a i n  n u l l e d .  

The summing a m p l i f i e r  has a n  i n p u t  range of 0.5 t o  
1 .4  p s i g  on each l e g  while  t h e  output  range is  0-10 p s i g  on 
each l e g .  
5 p s i g .  Thus t h e  equa t ions  r e l a t i n g  s t a t i c  o p e r a t i o n  of t h e  
a m p l i f i e r  becomes: 

When t h e  i n p u t s  a r e  equal t h e  o u t p u t s  are equal  a t  

Pol = 5.0 + 11.0 (Pc2-P ) p s i g  
c l  

(19) 
Po2 = 5.0 - 11.0 (Pc2-P 1 p s i g  c l  

I f  t h e  system were t o  ope ra t e  a t  an e l eva ted  l e v e l  
(where t h e  s i n k  o r  r e f e r e n c e  pressure were P 1 ,  t h e  g e n e r a l i z e d  
o p e r a t i n g  equa t ions  become: r 

(Pol-Pr) = 5 . 0  + 11.0 (Pc2-P c l  ps id  

(20 )  

(po2-P r = 5 . 0  - 11.0 (Pc2-P c l  1 p s i d  

The maximum f low which can be drawn from t h e  pneumatic 
b r i d g e  i s  9 in3fmin a t  1 .4  p s i d ,  de f in ing  t h e  i n p u t  r e s i s t a n c e  
( R i )  of each l e g  as: 

R i  2 - 1 . 4  = 0.155 #f 
9 .0  -73- 

(21 )  

To i n s u r e  a f a s t  response t i m e  of t h e  a m p l i f i e r  t h e  
s h o r t  c i r c u i t  o u t p u t  f l o w  of 700 in3/minute i s  r equ i r ed  on each 
l e g .  

The supply p r e s s u r e  t o  the complete pneumatic 
system i s  20 p s i g .  
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Based on the analysis of section 4.5.4.1, a schematic 
of the push-pull difference amplifier is illustrated in Figure 
3.5-15, see photos of Figure 3.5-16. The lower amplifier in 
the schematic is a single output difference amplifier with a 
11.0 gain on each leg. The equations governing this circuit 
are: 

Po2 = 10 - Pol 

where R~ = R *  = 0.5 min/in5 

R~ = 5.5 /jf min/in5 

so that equation (22) reverts to that of (19). The upper 
amplifier is a unity gain inverter used to obtain the double 
or push-pull outputs. Figure 3.5-17 shows the output difference 
versus input difference of that amplifier. Figure 3.5-18 shows 
the pressures required on each input in order to balance the 
outputs at 5.0 psig. 

The amplifier frequency response was of the order 
of 15 to 20 cps, but can be increased to at least 50 to 75 
cps with proper design. The reason for the low cut-off 
frequency of this unit is due to the non-optimum manifolding 
of the last stage. 

A s  can be seen from Figure 3.2-4, the upper input 
to the summing amplifier is in the forward leg of the control 
sub-system, while the lower input is in the feedback leg. 
This means that proper phasing can be incorporated into either 
the forward or feedback leg or both. 

Because of its unique feature of having positive and 
negative gains, we have the capability of adding or subtracting 
any number of signals. Such capabilities make it possible to 
perform differentiation, integration or combinations thereof 
on each of the nulling inputs. 

Bootstrap integration is attained by trying a feedback 
connection to one of the positive inputs together with a parallel 
capacitor to ground. Thus we can attain pure integration as 
shown in Figure 3.5-19, or integration plus proportional action. 



Pure differentiation is obtained by having the 
negative and positive gains equal, while derivative plus 
proportional action is achieved by having unequal gains. 
Examples of derivative control with increasing amounts of 
proportionality is illustrated in Figure 3 . 5 - 2 0 .  

3 . 5 . 5 .  Fluid Bridpe. 

The Fluid Bridge comprises the electric/fluid command 
transducer and the position-feedback transducer (either linear or 
angular); the bridge compares the signals and produces a pressure 
differential which is linearly proportional to the signal difference. 
The absolute level of the pressures, however, varies with the position 
along the displacement, as seen in Figs. 3 . 5 - 2  and 3 . 5 - 4 ;  at X = 0 (or x = Oo), 
the output pressure is low while at X = 3.0 (or X = 75O)  the pressure is 
high; the pressure differential, on the other hand, depends only upon 
the difference between the X - position (or eo position) and the 
electric command signal. 

The bench testing layout of the fluid bridge can be seen in 
Fig. 3 . 5 - 2 1 ,  where the complete Fluid Control Subsystem is shown. 

The steady-state calibration of the Fluid Bridge is shown 
in Fig. 3 . 5 - 2 2 ,  where the electric input signal (volts) is plotted 
directly against displacement, at 20 PSIG supply pressure against 
atmospheric dump. The linearity is seen to be good, as well as the 
repeatability, demonstrating the satisfactory matching of the two 
transducers into a Fluid Bridge. 

The bridge calibration was tested with and without the 
operational amplifier, with undetectable changes in pressure. This 
demonstrates that the flow being tapped off into the amplifier is 
sufficiently small in comparison to the supply flow to the 
transducers. 

The effect of supply pressure changes has been checked and 
has been found to unbalance the null between the electric and either 
position transducer, while no effect can be seen on the null between 
the two position transducers when connected against each other in a 
bridge. 

It is highly desirable that the null be independent of supply 
pressure; if it can be achieved between the two position transducers, 
it can also be achieved between the electric transducer and the 
position transducer by proper redesign of the former. It can also 
be conceived that the angular position transducer ( O o - 7 5 O )  be used 
as a command transducer through a Selsyn (or similar device) for 
angular cam positioning. 
in steady-state; the Selsyn being easily capable of +_ 0.25O;  the 
output displacement could be regulated to +_ 0.01". 

This device could be extremely accurate 
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3.5.6. Complete Subsystem Tests. 

The complete Fluid Control Subsystem was bench tested in 
steady-state, according to the test layout of Fig. 3.5-21. Either the 
Angular position or the Linear position transducer can be connected 
into a Fluid Bridge against the Electric Input Transducer and the 
corresponding pressure differential measured on the water-gage 
U-manometers. 

The pressure which would exist in the fluid bellows is 
measured by the Output Pressure Gages; the electric command signal is 
measured by the Input Voltmeter. 

The final results are shown in Figure 4.5-23, using the 
angular position transducer. The test procedure was as follows: 

0 1. Command and position transducers were nulled out at 0 ; with 
the command signal unchanged, the position transducer was 
moved forward stepwise up to 40°. 

2. The command and position transducers were nulled out at 
37.5O (mid point); with the command signal unchanged, the 
position transducer was moved stepwise backward to Oo and 
forward to 75O. 

3. The command and position transducers were nulled out at 75O; 
with the command signal unchanged, the position transducer 
was moved stepwise backward to 350. 

The linearity of push-pull output pressure against displacement 
is excellent from 200 to 75O; in the area between 00 and 20° there i s  
some deviation, which is due to pressure mismatch between transducer 
and operational amplifier. This mismatch may be easily cured by 
increasing the output pressure level of the position transducer to 0.5 
PSIG @ Oo; this can be done by increasing the supersonic orifice 
diameter by a small amount. 

In conclusion, it is shown that there is a linear relationship 
between the position-error signal and a force by push-pull fluid 
bellows. 

Bellows area of the order of 2 in2 would be sufficient to 
produce the 15 lb force required by the Vickers Gemini servovalve; the 
electrical input power (1 mw), on the other hand, i s  two orders of 
magnitude lower than that allowed by NASA specifications for the 
conventional electrically-operated servovalve (250 mw). 

The steady-state feasibility of the Fluid Control Subsystem is 
demonstrated satisfactorily. 
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3.6.  Servo  A n a l y s i s  of I d e a l i z e d  Con t ro l  System. 

A b lock  diagram of t h e  c o n t r o l  system i s  shown i n  F i g u r e  3.2-4.  I n  t h i s  
F igu re ,  t h e  c l o s e d  loop which i s  t o  be ana lyzed  f o r  s t a b i l i t y  c o n s i s t s  of a 
v a l v e - a c t u a t o r  package, t h e  load,  t h e  l i n e a r  p o s i t i o n  feedback  t r ansduce r ,  and 
t h e  o p e r a t i o n a l  a m p l i f i e r  with i t s  bel lows output .  

The p o s i t i o n  feedback t r a n s d u c e r  and t h e  o p e r a t i o n a l  a m p l i f i e r  p a r t  of 
t h e  loop have been t e s t e d  and b u i l t .  I n  o r d e r  t o  a n a l y z e  t h e  loop s t a b i l i t y ,  
t y p i c a l  t r a n s f e r  f u n c t i o n s  f o r  t h e  o t h e r  elements s h a l l  b e  assumed. S i n c e  
t h i s  i s  a p re l imina ry  a n a l y s i s ,  h i g h l y  s i m p l i f i e d  approximations of t h e  a c t u a l  
t r a n s f e r  f u n c t i o n s  s h a l l  be used.  Th i s  i s  p a r t i c u l a r l y  t r u e  i n  t h e  case of 
t h e  pneumatic Gemini v a l v e  and motor. 

The t r a n s f e r  f u n c t i o n  of a pneumatic valve-motor combination which i s  
s u i t a b l e  f o r  t h e  in t ended  nozz le  a c t u a t i o n  system w a s  ob ta ined  from t h e  
Vickers  D i v i s i o n  of t h e  Spe r ry  Rand Corpora t ion ,  and was d i scussed  i n  
S e c t i o n  3.4.  T h i s  t r a n s f e r  f u n c t i o n  i s  shown i n  F i g u r e  3.4-1 and g i v e s  t h e  
o u t p u t  rpm as a f u n c t i o n  of t h e  i n p u t  f o r c e  i n  pounds. The f i r s t  b lock  shows 
a dead-band of p l u s  and minus 5 pounds wi th  a maximum i n p u t  of 15 pounds. 
T h i s ,  i n  t h e  e q u i v a l e n t  c i r c u i t ,  i s  t ransformed i n t o  a n  e f f e c t i v e  f o r c e  which 
f e e d s  a block wi th  a t r a n s f e r  f u n c t i o n  of 19,200 RPMIsec-lb. The o u t p u t  of 
t h i s  block i s  a n  a n g u l a r  a c c e l e r a t i o n ,  Th i s  i s  i n t e g r a t e d ,  g i v i n g  a n  a n g u l a r  
v e l o c i t y  which f e e d s  i n t o  a dead-band of 51,650 rpm. The ou tpu t  of t h i s  i s  
t h e  o u t p u t  rpm of t h e  motor. There i s  feedback around t h e  i n t e g r a t o r  and t h e  
a n g u l a r  v e l o c i t y  dead-band as  shown i n  F i g u r e  3.4-1. 

T h i s  t r a n s f e r  f u n c t i o n ,  whi le  no t  complex, i n c l u d e s  dead-bands and a n  
a c c u r a t e  a n a l y s i s  would r e q u i r e  a n  ana log  computer s imula t ion .  Fo r  o u r  
purposes ,  t h e  c i r c u i t  a n a l y s i s  w i l l  be  s i m p l i f i e d  by ignor ing  t h e  dead-bands. 
T h i s  i s  n o t  t o o  u n r e a l i s t i c .  The f i r s t  dead-band, t h a t  i s  t h e  e f f e c t i v e  f o r c e  
dead-band, i s  caused by s p r i n g s  i n  the v a l v e  and o v e r l a p  of the va lve ;  t h i s  
dead-band could  be reduced as much as d e s i r e d  by small changes i n  t h e  des ign .  
Simply l app ing  t h e  v a l v e  c l o s e r  would be one such change. A t  t h e  t i m e  of t h i s  
w r i t i n g  i t  i s  no t  known what p h y s i c a l l y  c o n t r i b u t e s  t o  t h e  rpm dead-band. 

I n  t h i s  a n a l y s i s  t h e  dead-bands s h a l l  be ignored  and t h e  r e s u l t i n g  
cont inuous  t r a n s f e r  f u n c t i o n s  s h a l l  be  used.  The 19,200 rpm block is  reduced 
to  320 r e v o l u t i o n s / s e c 2  - l b ,  r e v o l u t i o n s / s e c 2  being a more convenient  u n i t  
t o  use  than  RPM/sec. 

The r e s u l t a n t  e q u i v a l e n t  c i r c u i t  of t h e  valve-motor combinat ions i s  shown 
i n  F i g u r e  3.6-1. I t  i s  r e a d i l y  seen  t h a t  t h e  o v e r a l l  t r a n s f e r  f u n c t i o n s  
between 8 and F of F i g u r e  3 .6 -1  i s  g iven  by 

r e v  1.33 - 
F = ~ ( 7 2 "  + 1) 1b 
e 

(1) 

where i s  e q u a l  t o  1124th of a second. Th i s  cor responds  t o  a break  
f requency  of 3 . 8  cycles / second.  
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The motor w i l l  be used t o  d r i v e  ( through g e a r i n g )  a leadscrew,  which 
w i l l  a c t u a t e  t h e  nozz le .  The leadscrew must have a t h r e e - i n c h  t r a v e l .  A 
5- th reads / inch  th read  s i z e  has  been t e n t a t i v e l y  s e l e c t e d  and used i n  t h e  a n a l y s i s .  

From c o n s i d e r a t i o n s  of power requi rements  and maximum speed requi rements ,  
a reasonable  gea r  r a t i o  of between t h e  a c t u a t o r  and t h e  leadscrew w a s  found t o  
3/16. L e t  x be t h e  l i n e a r  t r a v e l  of t h e  leadscrew,  I t  fo l lows  t h a t  

x = A  8 
80 

( 2 )  

which i s  t h e  t r a n s f e r  f u n c t i o n  between t h e  l i n e a r  ou tpu t  motion and t h e  angu la r  
t r a v e l  ( i n  r e v o l u t i o n s )  of t h e  motor. From t h i s  equa t ion ,  and equa t ion  (1) 
above, t h e  t r a n s f e r  f u n c t i o n  can be found between t h e  i n p u t  f o r c e  which i s  
app l i ed  t o  the  va lve  and t h e  d isp lacement  of t h e  leadscrew.  
be : 

This  i s  found t o  

- x =  . 05  inch  
F s ( 7  S + l ) '  l b  

2 
( 3 )  

The p o s i t i o n  feedback t r a n s d u c e r  i s  d i scussed  i n  S e c t i o n  4 .5 .3  of 
Volume I I .  A s  shown i n  t h a t  s e c t i o n ,  t h e  equ iva len t  c i r c u i t  i s  a s imple  RC 
network whose t r a n s f e r  f u n c t i o n  i s :  

G ( s )  = A 
l + - T l  s ( 4 )  

where t h e  g a i n  cons t an t  A i s  0.346 p s i / i n c h .  

The time c o n s t a n t  T1 depends upon t h e  bandwidth of t h e  c i r c u i t .  
Consider ing t h e  worst c a s e ,  namely t h e  narrowest  bandwidth, t h e  t i m e  cons t an t  
Tl i s  found t o  be 0.00061 seconds.  The t r a n s f e r  f u n c t i o n  i s  hence 

G ( s )  = 0.346 p s i /  i nch  (5 )  
1 + 0.00061s 

The c losed  loop  g a i n  of t h e  
Volume 11, t h e  ou tpu t  impedance of 
f l u i d  ohms. The d e f i n i t i o n  of f l u  
Sec t ion  2 . 2 .  The ou tpu t  impedance 
LO5 f l u i d  ohms d iv ided  by 11 o r  9 ,  

o p e r a t i o n a l  a m p l i f i e r  i s  11. A s  shown i n  
a t y p i c a l  i m p a c t  modulator i s  roughly 105 
d ohm i s  g iven  and d i scussed  i n  Vol. 11, 
of t h e  o p e r a t i o n a l  a m p l i f i e r  w i l l  t hen  be 
00 f l u i d  ohms. 

Tests a t  t h e  Johnson S e r v i c e  Company have shown t h a t  t h e  bandwidth of a n  
ope ra t iona l  f l u i d  a m p l i f i e r  i s  de termined  t o  a l a r g e  e x t e n t  by t h e  load  a p p l i e d  
t o  t h e  a m p l i f i e r .  I n  t h e  p a r t i c u l a r  case under  c o n s i d e r a t i o n ,  t h e  load i s  a 
metal be l lows .  A t y p i c a l  va lue  f o r  t h e  volume of t h e  be l lows  would be 0 .1  cubic  
inch.  The ou tpu t  c i r c u i t  of t h e  o p e r a t i o n a l  a m p l i f i e r  t h e n  becomes a 9,100 ohm 
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r e s i s t o r  f e e d i n g  a c a p a c i t y  r e p r e s e n t i n g  t h e  0 .1  c u b i c  i n c h  volume. The break  
f requency  of t h i s  c i r c u i t  i s  59 c y c l e s  pe r  second. T h i s  cor responds  t o  a t i m e  
c o n s t a n t  of 0.0027 seconds.  

The f o r c e  o u t p u t  of t h e  bel lows w i l l  depend upon t h e  p r e s s u r e  w i t h i n  t h e  
be l lows  and t h e  area of t h e  be l lows .  Consider ing a be l lows  area of 2 squa re  
inches ,  t h e  t r a n s f e r  f u n c t i o n  of t h e  ope ra t iona l  a m p l i f i e r  and t h e  bel lows becomes 

G ( s )  = 22 l b f / p s i  
1 + . 0 0 2 7 s  

( 6 )  

The s i m p l i f i e d  e q u i v a l e n t  block diagram of t h e  c o n t r o l  c i r c u i t  i s  g iven  
i n  F i g u r e  3 . 6 - 2 .  
f l a p p e r - v a l v e  t r ansduce r .  The f requency  response c h a r a c t e r i s t i c s  of t h e  
o p e r a t i o n a l  f l u i d  a m p l i f i e r  and t h e  bel lows i s  g iven  by t h e  block con ta in ing  
K The v a l v e - a c t u a t o r  and load t r a n s f e r  func t ion  i s  r ep resen ted  by t h e  b lock  
wgich i s  f e d  by t h e  o u t p u t  of t h e  mechanical s u m m e r .  

The block con ta in ing  K1 is  the  t r a n s f e r  f u n c t i o n  of  t h e  

The phase-ga in  c h a r a c t e r i s t i c s  of t h e  t r a n s f e r  f u n c t i o n  f o r  t h e  open loop 
i s  p l o t t e d  i n  F i g u r e  3 . 6 - 3 .  I t  i s  seen  from t h i s  p l o t  t h a t  t h e  c i r c u i t ,  as  
i t  s t a n d s ,  w i l l  have a g a i n  margin of 4 6  db. and a phase margin of 80 degrees .  
T h i s  however, i s  a h i g h l y  i d e a l i z e d  approximation.  No ra te  feedback i s  shown 
i n  t h e  c o n t r o l  loop of F i g u r e  3 . 6 - 2 .  Without a rate feedback of some sor t ,  
t h e  response  c h a r a c t e r i s t i c s  of t h e  system would be u n s a t i s f a c t o r y .  

A r a t e  feedback p r e s s u r e  s i g n a l  could be t aken  from t h e  Gemini motor 
exhaus t ;  however, i t  would be l o a d - r e s i s t i v e  and t h e r e f o r e  not  e n t i r e l y  
s u i t a b l e .  

However, ra te  feedback can be ob ta ined  by d i f f e r e n t i a t i n g  t h e  o u t p u t  
of t h e  p o s i t i o n  feedback t r a n s d u c e r  and then  summing t h i s  d i f f e r e n t i a t e d  s i g n a l  
w i th  t h e  d i r e c t  o u t p u t  of t h e  t r a n s d u c e r  as shown i n  F i g .  3 . 6 - 4 .  Examples of 
d i f f e r e n t i a l  p l u s  p r o p o r t i o n a l  c o n t r o l  achieved by Impact Modulator Opera t iona l  
Ampl i f i e r s  i s  shown i n  F ig .  3 . 5 - 2 0 .  I t  i s  seen t h a t  va ry ing  degrees  of c o n t r o l  
may be ach ieved ,  from pure  d i f f e r e n t i a l  t o  d i f f e r e n t i a l  p l u s  s u b s t a n t i a l  
p r o p o r t i o n a l  c o n t r o l .  I t  i s  t o  be noted  t h a t  t he  f l u i d  summing c i r c u i t  shown 
i n  F ig .  3 . 6 - 4  would a c t u a l l y  be achieved  by apply ing  m u l t i p l e  i n p u t s  t o  t h e  
Opera t iona l  Ampl i f i e r .  
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. 3.8. List of Symbols. Dimensions 

d 

GP 

Input orifice diameter 

Pressure gain 

[ in] 

Total conductance 
GT [-I 

II O I  
KO Slope of experimental curve 

Sum of Operational Amplifier Gains plus one 101 KT 

m Polytropic exponent 

Supply pressures Pl’ p2 

PA Input pressure 

PB Input bias 

Recovery pressure PR 

PO’ pol’ Po2 Output pressures 

Reference pressures (above atm.) ‘L, ‘r 

PK = PK - PL Differential pressure 

Po = Po - PL Differential output pressure 

[ 24 

pA = PA - PA(ave) Differential input pressure 

Pic, PZC Differential inputs to operational amplifier 
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QA 

QO 

RK 

Znput flow 

output flow 

Resistance 

Input impedance RA 

Znput resistance Ri 

Feedback resistance Rf 

V Volume 

x Linear displacement of actuator output 

y,  z, " Dimensionless computational parameters 

Input orifice diameter multiplier Q 
€ Error of gain prediction 

8 Angular displacement of actuator output 

- I- i n3 / mi n] 

1 [I in3/min 
_I 

[-] 

Notes: 1. The dimensional notation lb. refers to pound force. 

2. 'The electrical analogy in Section 3 . 5 . 4  is based on the 
following self-consistent set of definitions: 

[ in31 
Cinl 

PI 
[degrees] 

Current Volumetric Flow Q 

Effort I Pressure P 

Resistance c\p I Q 

Capacitance V - 
mP I 
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* J 

BiP Servovalve 
%? & c 

Amplif ier  

KA GA Actuator  

. * * 
* 

Bfb , - I * H 

Load B E *  

J KeM, 

Input  S igna l  = (VOLTS), equ iva len t  t o  f 0.05 inches  

P i s ton  Displacement = (IN.) 

Feedback Signal  = (VOLTS) 

Feedback Sca le  Constant = VOLTS 
I N .  

Amplif ier  S t a t i c  Gain = MA 
VOLTS 

Valve s i g n a l  Current  = (MA) 

Equivalent  Spring Constant of Engine and S t r u c t u r e  = 300,000 (LEi/IN) 

Equivalent  Mass of Engine t o  t h e  Actua tor  = 1400 s l u g s  

Spring Constant of working f l u i d  and Actua tor  = (LB/IN) 

Shaping Permi t ted  as necessary  (e lec t r ica l  least d e s i r a b l e )  

FIGURE 3.2-2 System Block Diagram 
- 
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ELECTRIC-TO-PNEUMATIC TRANSDUCER 

FIGURE 3.5-1 
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ELECTRONIC OPERATIONAL AWL1 FER (a) 

PNEUMATIC OPERATIONAL AMPLIFIER ( b )  

FIGURE 3.5-6 
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AMPLIFIER PRESSURE 
v. s. 

FIGURE 3.5-8 
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Pe (PSIG) 

FIGURE 3.5-9  
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AMPLIFIER ASSEMBLY 

FIGURE 3.5-16 
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FIGURE 3.5-17 
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FIGURE 3.5-18 
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SYMBOLS 

1 

1 

1 

u =  

v =  

w =  

radial component of velocity 

tangen ti a1 component of velocity 

axial component of velocity 
1 1 (r , 8, z ) = cylindrical coordinates 

(u, v, w)  = normalized velocity components 

a =  

P =  
8 =  

"8 = 
r l =  

viscosity 

density 

boundary layer thickness 

tangential velocity at boundary layer 

8 
Z - -  - normalized axial component of velocity 



A SUMMARY OF ANALYTIC FLUID INVESTIGATIONS PERFORMED 
A T  SPERRY RAND RESEARCH CENTER AND SPERRY UTAH 

Recent advances in computer hardware coupled with sophisticated 
numerical techniques have led to significant advances towards accurate, 
reliable and physically interpretable solutions of the complete two dimen- 
sional fluid flow problem. 

The numerical methods follow the usual technique of a superpositioning 
a grid upon the region of interest and applying a difference equation which 
is derived from the differential equation. The unknown values of the stream 
function and vorticity a re  obtained at all grid points. The grid may be rec-  
tangular, elliptial, o r  circular, depending upon the geometry of the problem 
to be solved. 

Three inherent problems arise in the use of numerical methods: the 
stability of the solution, the amount of computer time required, and the 
accuracy of the solution. 

Slighting o r  failing to overcome any of these three obstacles invites 
failure: loss of stability and the computational program wi l l  not approach 
a solution in a reasonable time; lack of accuracy and the obtained values 
a re  not physically meaningful; and finally, inordinate amounts of computer 
time may result in both of the above, plus storage and memory problems, 
a s  long problems require large memories. The numerical techniques 
developed at Sperry have circumvented these problems and allowed adequate 
numerical solutions to two dimensional fluid flow problems. A critical study 
was made on the mathematics of a vortex (Ref. 1). This effort was performed 
in house at Sperry Utah. A Univac-490, Real-Time, computer was used. The 
purpose of this study was investigations of boundary layer flow and other 
parameters observed in incompressible viscous flow in a vortex chamber. 

Since, the vortex chamber is a cylinder, and the vortex itself has cylind- 
rical symmetry, writing the Navier-Stokes equations in cylindrical coordinates 
allows a more forceful attack on the vortex chamber problem than if the usual 
rectangular coordinates were used. An abbreviated synopsis of Sperry Utah’s 
work follows. 



The applicable Navier -Stokes equations in cylindrical coordinates 
(r', Q ,  z') are:  

a u '  a d  U '  - + - + - -  - 0  
a r '  a z '  r '  

Where a i s  the viscosity, p the density, and u', v'and w' a re  the radial, 
tangential and axial components of the velocity, respectively. 

It i s  physically reasonable to assume that the radial derivates a re  an 
order of magnitude smaller than those in the z, or longitudinal, direction. 
It i s  also assumed that w is an order of magnitude larger than u and v . 

Thus, the equations become 

U '  + - = o  
a r' a z /  r /  

a d  a u '  + -  

Introducing 

and calculating the necessary derivatives. 
/ av/ a d  a d  a d  

ar '  a r :  az' a z '  
w -  , - - - - - - - - - - - - - - -  

- 1 -  



The above equations become: 
2 

v s  a 2 u  a u  
a r  a Z  r r a z 2  

+ - - -  + w - - -  u -  - a u  V 2  

a 2 V  a v  u v  a v  
a r  a Z  r a z 2  

- -  + w - + - -  u -  

For convenience, (8) and (9) are written in a slightly different form 

Integrating (11) and (12) with respect to z from 0 to 8, where 8, a function 
of r, is the boundary layer thickness, gives 

dr dz z = O  
The boundary conditions, 

I .  z=o u = o  

2. z = 8  u = o  
v =  0 



and the introduction of the further change of variables, 

7=-  2 

8 
yields, 

The velocity components can be written as 

457) = V8(r 14 (7) (19) 

I 
Where f(7)is the radial velocity profile and g(y) is the tangential velocity 
and E(r) is to be determined, boundary conditions on f and y a re  

If w e  apply these boundary conditions to (16) and (17) we have 

W e  define the various f and g intergals as follows 
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The two primary equations then become 

-(rv8 d 2 2  S E  + A V ~ S  - E 
dr 8 - -crv8s8 

- - - ( ~ E I +  d B [ $ * ~  d (rV8)]8E=-- D i  dr "8 

After a substantial amount of manipulation, these equations can be put in 
the form 

~ ( E ~ ~ I - B E ~  = - B E s * ~  ( In  r v  + - D 

v8 dr dr 

Assuming velocity distributions of the form v (r)= r-N 
constant, equations (27) and (28) become 

, where N is a 8 

2 = 2E2[N-(i-N)(,-B)] +r 2A - 2(CtD)E 2 N  r 

dr EB2 
or  

i ( E S 2 ) = E B 2 [ N +  (i-N)(3B-i)]++-$ + (C+3D)rN dr 
E 



Equations (29) and (30) must be solved by numerical methods since the 
E s 2  t e rms  introduce singularities a s  r+ I .  We overcome thi; and - E 2  

E82  E 
and - s2 have the same be- E2 

s2 * E 
difficulty by requiring that E 2 1  B4, - 
havior at r = I. It can be established that 

E N  ( I - r I 2  

S# ( i - r F  

I - 
I 

2 2 for r#i. Expanding E and E 8 in powers of ( I - r ) ,  w e  have, 

2 2 
E = a , ( I - r ) + a 2 ( 1 - r ) + -  -_---- - -__---- --- 

2 2 E 8  = bl(l-r) + b2(l-r) + ------------------ 

I t  is found that 

bZ a2= [-b,+ (C t D)] = 2 (a, -2 

and so on. 

Now defining f (n) and g (n) by 

f ( ~ ) =  N ( ~ - N ) ~  f/(o)= I 

f ( N ) = i - 4 N + 3 N 2  

4/(0) = 2 
2 

g(  N)= I - ( I  - N) 

bl[(B- I )al  -A] 
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-Similarly evaluating 12, I3 and I4 yields 

I2 = 1/105 I3 = 7/15 I4 = 1/20 

and in turn 

A = 40 

B = .05 

C = 105 

D + 60 

for N = .75 

W e  have a = 4AD/3C + 5 D  = 4(40) (60)/3(105) + 5(60) = 19.121 1 

bl = -4(60)/3 = 80 

Similarly a = 21.3224 2 

a3 = 24.2589 

b2 = 37.8421 

b3  = 117.354 

With starting values of r = .99 

w e  obtain from E 2 = a l ( l - r )  t a 2 ( i - r )  2, , 
E 8  2 = h , ( i - r )+  h2( i - r )  2 f 

E = - . 4 3 9  

8= 1.345 and from 

These a re  the starting values. 

Let u s  for simplicity let y = E  2 
u = E 8  2 

y 1 = dE2/dr2 

u'= d/dr (ES2) 
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Thus our equations to be solved become 

y’ = (+- 0 7 5  - 33;rN)y 98 

(33) 

A Runge Kutta Integration was performed on Sperry Utah Univac 490 real 
time computer. Figure 1 lists the solution for N = .75. The 490 solution 
allows us to examine flow rates and other fluid parameters of interest. 

The axial component of velocity obtained by integration of the continuity 
equation i ts  final form k i n g  

A plot of this is given in Figure 2 for N = 0.75 

The tangential s t ress  and radial stress are  given by 

Plots of these a re  given in Figure 3. Figures 4 and 5 show plots of the 
boundary layer thickness and the maximum layer thickness developed for 
maximum outer flow. 

To still more briefly summarize the Sperry Utah effort, an axially sym- 
metric case was considered. I t  was assumed that the derivatives in Z1 direc- 
tion were larger than those in r1 direction, and that w1 was an order  of 
magnitude smaller than u1 and vl. Af te r  non-dimensionalizing the Navier- 

8 Stokes equations with the aid of the 77’ - substitution, and the velocity Z 
profiles ~(1-17) = vs 2(r) E(r)f&q),v(rkv) = vs g(7), the equations were r e -  
written in terms of E and E a ,  
the Sperry Utah Company’s Univac 490 computer, the various fluid parameters 
such as  stress, velocity, and flow were obtained. 

By t e use of the Runge Kutta method on 

The result was not an exact solution of the Navier-Stokes equations and 

and the boundary thickness at the end wall of the cylinder. 
various areas need to be developed further, particularly in the behavior of 
w 8 
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Table D - 1 .  S o l u t i o n  When 4 ..0.75 

0.10 

0.05 

I 0.99 

0.95 

0.90 

0 - 8 5  

0.80 

0.75 

1 0.70 

0.65 

0.60 

0.55 

0.50 

0.45 

0.40 

0.35 

0.30 

0.25 

0.20 
I 

0,992491 

0,962261 

0 .924021  

0.88 5246 

0.845897 

0.805927 

0.765285 

0.723910 

0.681731 

0.638663 

0 . 594603 

0 . 54942 5 

0.502972 

0,455040 

0.405359 

0,353552 

0.299068 

0.241027 

0.177826 

0.105735 

0.031620 

.Z( r\ 
0.460652 

1.000500 

1.440625 

1.800417 

2.124265 

2.429794 

2.726720 

3.021 506 

3.319172 

3,624169 

3.940939 

4.274342 

4.630065 

5.015287 

5.439550 

5.916367 

6.466158 

7.122591 

7 .948761  

9.093289 

10.617895 

1.3.14446 

1 . 971714 

2.276093 

2.443223 

2 . 542880 

2.599825 

2.625929 

2.627825 

2.609565 

2.573697 

2.521830 

2 A 5 4 8 9 2  

2.373264 

2.276833 

2.164907 

2.036050 

1.887680 

1.715064 

1.508484 

1.241430 

0 e 882042 

Figure 1. Runge-Kutta Integration 
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During the empirical portion of the Sperry Utah fluid vortex effort, 
several interesting phenomena were observed. First ,  matter waves were - 
observed to move up and down on the vortex column. Secondly, some con- 
nection (as observed by smoke phenomena in the transparent vortex chamber) 
existed between the boundary layer and the core; and finally, when the driving 
jet was increased a well defined tornado column was apparent in the vortex 
cham be r . 

The Sperry Rand Research Center was informed of Sperry Utah’s efforts 
and an interchange of material was begun and is continuing at  this time. Two 
problems, namely spin-up or spin-down, and the diffusion of material have 
been under direct investigation by the Sperry Rand Research Center (Ref. 1). 

To summarize the Sperry Rand Research Center effort, the equations 
governing the time dependent motion of a viscous incompressible fluid for 
an axially symmetric vortex were written. Coordinates (rl, 8, z) were used. 

Again symmetry conditions allow the three dimensional problem to be 
considered two-dimensionally. After simplification and reducing to a dimen - 
sioiiless form, the Navier-Stokes equation becomes: 

Where and v are  defined by 

v = l  +=--  a+ - 0  z = + l  
a Z  

v=o + = o  for t s o  

Boundary conditions a r e  

+ = 0  

The Laplace transform was used effectively in this effort, and solutions 
obtained by residue theory. 
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’ The following conclusions were drawn from the Sperry Rand Research 
~ Center effort: 

1. The centrifugal force produces an outward radial flux within the 
viscious boundary layer. 

I 

2 .  This is compensated for by flow from the interior region. 

3. The spin-up time (the time needed for interior fluid to approach 
solid body rotation) is  essentially a function of the Ekman layer. 

4. The establishment of the Ekman layer begins immediately between 
the first  and second revolutions of the fluid. 

A concluding report (reference 3) on the spin-up phenomena investigation 
was generated by Sperry Rand Research Center. In essence it is an angular 
momentum examination of the rotating fluid. Significantly the report calls 
for advanced numerical programs on the two-dimensional vortex problem. 
Such an effort is now underway at Sperry Rand Research Center (Ref. 4). 

Several methods for examining the time dependent two-dimensional in - 
compressible viscous flow problem are  being considered; the first portion 
of this  effort was an evaluation of possible numerical methods by comparing 
accuracy of solution, stability, and computer time used on solutions of the 
one -dimensional diffusion equation, YT = Y,,, where subscripts indicate 
differentiation. The boundary conditions are 

and y(x, 0) = x - sin x 

The exact solution is  compared to values obtained by the explicit, 
DuFort-Frankel, and implicit numerical methods. The stability and relaxa - 
tion speed a re  compared for various time steps in chart  form. An example 
is given in Figures 6, 7 and 8. I t  is through this comparison of exact and 
numerical approaches that the superiority of the implicit method rapidly 
becomes apparent. 

A t  this time the fourth-order, Navier-Stokes, two-dimensional problem 
w a s  attacked by separation into two coupled equations, one of which has a 
diffusion-equation character and one of which has a Poisson-equation character. 
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1 

I t E x p l i c i t  DuFort-Frankel I m p l i c i t  
, 
I 

.005 2.03 2.04 1.01 

,010 2.47 2,47 1 ,23  
2.26 1.13 

,020 1.84 1.83 9.23 

.025 1.40 1.39 7.09 

,015 2.26 x 

( a )  N = 40, A t  = .0003125,: A = A t / A x 2  z 0.5 

I ( S t a b i l i t y  L i m i t  f o r  E x p l i c i t  Method) 

.030 L O 3  1.01 5.24 

2.69 

1.34 

5 .035 7.29 x lo-' 7,17 3,78 x 10- 
5 ,040 5,08  4.94 x 10- 

.050 2.35 2,21 x 10- 

5 045 3.47 3.34 1.90 x 10- 
5 

.055 1 3 7  L.42 9.57 x 

.060 1.03 8,88 x 6.92 x 
5.13 x .065 6.72 x I O m 6  5 ,27 x 10- 6 

.070 4 ,31  x 2,86 x 3 3 4  x io-6 

. 0 75 2,71 x 1,25 x 3.16 x 

2,64 x .om 1 66 x loa6  2,82 x 10- 

e 085 9.68 4 , Q l  2.30 x 

7 

6 2.07 x 10- 
1.92 x 

6,12 x 1,43  x 1.83 x 

7 
6 

.090 5,16 x l o s7  Q 34 x 10 

.095 2,23 1 ,23  x 10 

.loo 

Figure 6 Comparison of Explicit, Dufort Frankel 
and Implicit Integrations 
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I 
I Ax= 

I 
I 

I 
1 

( e )  N = 80, nt = .oi. - - - 64 ( d )  N = 40, At = .01, - At - - 16 
AX2 

(Explicit Method Unstable) 

t DuF o r t -F ran ke 1 Implicit DuFo r t -F ran ke 1 Implicit 

005 

,010 
,015 
a 020 
,025 

,030 
035 
,040 
,045 
,050 

.055 

* 060 
.065 
-070 
e 0 75 

0 080 
.085 
090 
095 
.loo 

9.76 x 

2.27 x 10-1 

4.02 x 10,' 
4.14 x 10-1 

3.37 x 10-1 

3.79 x 10-1 
3.10 x 10-1 

2.23 x 10-1 
1,33 x 10-1 
5,06 x 

1.52 x 

6.08 x 10- 
8.59 x 

9,28 x 
8.56 x 

6.91 x 

4.79 x 
2.61 x 

2 

6.73 
8.33 x 

6.36 I 
7,11 x 10 -5 I 
6.31 x 10- 5 1  

5.05 I 
I 3,81 

2.77 
1.96 
1.35 
9,22 x 10 
6.18 x I 
4,09 x I 
2,64 x 

1,67 x 
1,02 x 
5,82 A 10 

I 
I 
I - 7  
I 

I 

1,37 I 

1,34 x 10'- 

7.99 x 10- 

8 6.32 x 10'- 

I 

1,06 x 10-1 
2-83 x 10-1 
4,87 x 10-1 
6.89 x 10-1 
8.69 x 10-1 

1.01 

1,12 
1,18 
1.20 
1.17 

1,lO 

8.61 x 10-1 
7.07 x 10-1 

9.93 x 10-1 

5,39 x 10-1 

3,63 x 10-1 

1,87 x 10-1 

1.39 x 10-1 
1,80 x 10-1 

2,,80 x 10-1 

1,44 
1.61 
1.43 
1.15 
8.66 x 

6.30 x 

4.46 
3.09 
2.11 
1,42 

9,48 x 

6.25 x 

4.07 x 

2.62 x 

1,69 x 

1,03 x 

6.36 
3.75 
1.98 
1.02 x 

Figure 7 Comparison of Explicit, Dufort Frankel 
and Implicit Integrations 
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A t  I ( C )  N = 40, A t  = .0025, - Ax2 - - - 2  (b) N = 40, A t  = .00125, - - A t  
A X a  

(Explicit Method Unstable) 
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(Explicit Method Unstable) 
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Figure 8 Comparison of Explicit, Dufort Frankel 
and Implicit Inter gra  t ions 
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The splitting up of the fourth-order equation is especially attractive because 
of computer speed and stability of solutions. For a specific problem, a region 
in the upper half plan was examined. The viscous flow equation was found to be ~ 

I 
1 C + = A 5 + C + $ o ( <  X Y  q (38) 

I 
( 3 9  

which has a solution of the form 
2 

tcos(7rX) cos(7ry) 

This satisfies (38) but since our non-linear terms vanish identically w e  a re  
not quite a s  close to a meaningful solution as w e  would like to be. 1 

Here again the comparison of the implicit method with the explicit pro- 
cess showed the superiority of the implicit method. Despite the good results 
obtained when comparing to (39), the vorticity (&) was in error about 5% on 
the average and up to 50% on the boundary. By investigation of our usual 
numerical expression of certain quantities (expansions), a more accurate 
expression of 5 and JI is obtained. The expression used was 

' 

~ 

(40) 

These second order terms removed the stated inacurracies. Accuracies of 
the order  of 1/3 of 1% in q and 1/4 of 1% in & were then obtained. Time 
steps were consequently increased in size thus reducing computer time and 
cost. 

From this effort the injection of viscous fluid into a rectangular geometry 
was considered. This essentially corresponds to the vortex problem mentioned 
in the first section of this paper except for a slightly different container geom- 
e t ry ,  and fluid flow. 

The governing equations become 

The region of interest is OS x I I ,  os yc I and the boundary conditions a re  
JI = $,, = o for all sides except the side y = 9. 
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The boundary condition chosen was J / = i o [ c o s ( 2 s x - i ) ] ( 1 - ~ - ’ ~ ~ *  ) 

The modification of the afore used implicit method was used. The pro- 
gram used was the Peaceman -Rachford method. For small Reynolds numbers 
there is little to chose between the two a s  far  as  accuracy is concerned. For 
large Reynolds numbers associated with high velocities, the Peaceman -Rachford 
is definitely superior. This stems from the non-iteration requirement of the 
P-R method in comparison to the sometimes awkward iteration efforts needed 
with the highly accurate implicit method. 

Non-linear terms and boundary coupling problems, the two main causes 
of instability, were obviated by choices of smoothing parameters. The values 
obtained were especially interesting. Such areas  as  the end wall vorticities 
and corner flows show good clarification. Typical s t ream contour plots a re  
shown in Figure 9, 10 and 11. The closed contours indicate reverse flow. 
The numbers on the contour a re  values of J / .  

Summary: Through the cooperation efforts of Sperry Rand Research 
Center and Sperry Utah companies, extensions have been made to the approx- 
imate analytical methods previously available. Because of the progress made 
on the axially symmetric approach to fluid devices, Sperry Utah’s in-house 
fabrication and research effort has been directed in this manner. Three 
dimensional generalizations exist for certain special cases, gut the problems 
of accuracy, computer size, solution construction and stability preclude more 
constructive effort in the three-dimensional areas  at this time. 

W i t h  the current effort under way in both the two-dimensional, theoretical, 
and experimental areas  of fluid development, Sperry Utah is we l l  grounded to 
enter into long range systems programs. 
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Fig. 9 Re-entrant v i scous  flow 
Amplitude = 100 
Time = ,004 
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c lo 

Fig. 10 Re-entrant v i s c o u s  f l o w  
Amplitude = 1000 
Time = ,022 
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Fig. 11 R e - e n t r a n t  v i s c o u s  f l o w  
Ampl i tude  = 1000 
Time = .01 
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SIWIYARY : .I.-_- 

The mathematical  d i f f i c u l t i e s  of f l u i d  f low phenomena h a s  encouraged 

t h e  sea rch  f o r  and the  use of ana log ie s  from o t h e r  branches of p h y s i c a l  

s c i e n c e .  

the  g o a l  of determining the clegree of u se fu lness  of t h e  ana log  t o  t h e  

f l u i d  l o g i c  dev ice  des igne r .  

T h i s  t e c h n i c a l  menorandm examines an e l ec t r i ca l  analog wi th  

I n  certniii a c o u s t i c a l  c i r c u i t s  an  analogy exists between a c o u s t i c  

mass and e l e c t r i c a l  inductance,  ane  between a c o u s t i c  compliance and 

e l e c t r i c a l  c s p a c i t n n c e .  It i s  shown i n  this memorandum t h a t  t h i s  

analog IS VALUABLE ONLY T'OR L M I T E D  CORDITIONS OF FLUID FLOV!. The mean 

florv of f l u i d  through the c i r c u i t  i s  assumed t o  be n c g l i g i b l e .  Thus, 

w i t h  t h i s  assumption, t h e  analog becomes immediately of v e r y  l i m i t e d  

va lue  t o  the f l u i d  l o y j c  clevice designer. It is  shown t h a t  t h e  analogy 

i s  u s e f u l  f o r  the c a s e  of * h c o u s t i c "  flow: where t h e  l o n g i t u d i n a l  

p r e s s u r e  waves a r e  of primary concern and t h e  mean f l u i d  f low i s  r e l a t i v e l y  

sma l l .  

The d e r i v a t i o n  of t h e  analogous wave e q u a t i o n s  a r e  p re sen ted .  The 

mathematical  a n d  expe r imen ta l  a p p l i c a t i o n s  a r e  po in ted  ou t .  

t h e  assumptions and r e s t r i c t i o n s  have been shown, so t h a t  t h e  u s e r  w i l l  

be aware of t h e  l i m i t a t i o n  02 t h e  analog. 

c i t e d  t o  i l l u s t r a t e  t h e  degree of accuracy which can be expected.  

F u r t h e r ,  

Experimental  r e s u l t s  a r e  

Because i n  the use  of f l u i d  l o g i c  d e v i c e s  we a r e ,  a t  p r e s e n t ,  

concerned more w i t h  f l u i d  f low than  w i t h  " acous t i c "  c i r c u i t s ,  t h e  

analogy d i s c u s s e d  i s  of l i m i t e d  value.  U n t i l  b e t t e r  a n a l o g i e s  a r e  

developed,  t h e  f l u i d  l o g i c  dev ice  des igne r  will f i n d  h i s  b e s t  t o o l s  

l i e  no t  i n  the a n a l o g i e s  b u t  r a t h e r  i n  t h e  body of knowledge of 

mathematical  and expe r imen ta l  f l u i d  mechanics. 
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ElFIXITIO?4  OF SYMBOLS USED : 

area,  square inch 

e l ec t r i ca l  capacitsnce, f a r a d s  ( i n  transmission theory 
often capacitance per u n i t  length) 

acoustic compliance o r  the inverse of s t i f fness .  
Compliance f o r  the Binall length Ax i s  defined as:  

C, = A Ax , or a s ,  
PO 

C a =  - AV for  a small volume 

See Reference 3. 

U n i t s  are i n  inch5/pound. PO 

speed of sound, feet/sec.  

speed of electromagnetic wave p r o p a g a t i o n  f t .  /sec. 

specif ic  heat of the gas a t  constant pressure. 

specific heat of the g a s  a t  constant volume. 

instantaneous value of voltage, v o l t s .  

frequency i n  cycles per sec. 

lowest frequency of a par t icular  transverse mode of 
vibration, cps. 

e l ec t r i ca l  conductance i n  mhos 

instantaneous value of current, amperes. 

e 1 e c t r i c a 1 i ndu c t ance , h enr i e s ( i n t ra n sm i s s i on 
theory, often inductance per u n i t  length. 1 

acoustic mass (Inertance) f o r  a small length Ax 
i s  definec' as :  

= Pn. the u n i t s  are pound sec.2/inch 5 
A ' I  a 

The value - F is  a l so  caller! the spec i f ic  inertance. The 
A 

t o t a l  inertance for  a pipe would be 2 L 
A 

Reference 3 gives the def ini t ion of acoustic mass (inertance) a s  

which  when multiplied by 277 times the frequency, gives the 

the 

quantity 
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;ICoIIst ic reactance associated w i t h  the kinetic energy of the medium 

(uni ts  gn/cm4 or k g / m l ) .  

instantawous y r s s u r c ,  l b .  force/in.  2 

average of 1:iean prcssure, l b .  f orce/in. 2 

volumetric f l o w  = 

e lec t r i ca l  resistance,  ohms 

instantaiicous par t ic le  v e l o c i t y  i n  the x - direction, 
i n .  /sec. 

3 voluine, in. 

instantaneo~is par t ic le  velocity i n  the y - direct ion,  
i n .  /sec. 

instantaneous par t ic le  velocity i n  the z - direct ion,  
in/sec. 

boi'y forces acting in the x-direction on a par t ic le  
of f lu id .  

:.coust ic impcdaiice defined as  p/q 

e lec t r i c  irn~edatrcc, e / i ,  ohms 

charac te r i s t ic  e lec t r ica l  impedance, Q C T  , ohms. 

a d i a b a t i c  esponent, = cp/cv, (approx.  1 .4  f o r  a i r  
a t  normal tcnip. and  pressure). 

absolute viscosity,  centipoises. 

gas mass density, lb. ~ e c . ~ / i n . ~  

voluinc change, in .3  

e lectr ica  1 c irciilar frequency, r a d .  /sec. 

acoustic c i rcular  frequency, rad./sec. 

@ A ,  i n .  3 /sec. k 
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DTSCUSS TON 01: TI!F ANALOGY: 

Under c e r t a i n  c o n d i t i o n s  of f l u i d  f low which we s h a l l  p o i n t  o u t ,  

an ana log  of e l e c t r i c a l  c a p a c i t a n c e  an2 e l e c t r i c a l  inductance can  be 

u s e f u l l y  employed. These c o n d i t i o n s  involve  "acous t i c  c i r c u i t s "  which 

a r e  de f ined  a s  f l u i d  flow c i r c u i t s  which a r e  p r i m a r i l y  concerned with 

only t h e  f l u c t u a t i n y  flow. In analogous e l e c t r i c a l  t e rminology,  on ly  

t h e  a .c .  ( a l t e r n a t i n g  c u r r e n t )  i s  cons idered .  The mean o r  ave rage  

flow ( t h e  d i r e c t  c u r r e n t )  i s  ignored i n  i t s  c o i i t r i b u t i o n  t o  any effect  

on t h e  f l u c t u a t i n g  (01- a . c . 1  f low.  

References 1 and 2 employ such an analogy t o  a i d  i n  the des ign  

of m u f f l e r s .  The analogous teriiis used a r e :  

E l ec t r  i c a  1 Terms 

Inductance 

Capac i t n n c e  

Le 

'e 

e in s t an taneous  v o l t a g e  

i i n s t a n t  aiieous c u r r e n t  

finaloqous F l u i d  D v n a i u s  Terms 

R1, Acous t i c  Rlass 

Ca Acous t i c  Compliance 

P i n s t a n t a n e o u s  p r e s s u r e  

(I volume v e l o c i t y  o r  vo lumet r i c  f low 

l!ithin t h e  l i m i t a t i o n s  of t h e  accuracy o r  t h e  ana logy ,  t h e  

e l e c t r i c a l  terms can  be r e p l a c e d  w i t h  t h e  co r re spond ing  f l u i d  terms 

and any of the s o l u t i o n s  f o r  t h e  analogous e l e c t r i c a l  e q u a t i o n s  are 

a l s o  s o l u t i o n s  f o r  t h e  a c o u s t i c  c a s e .  
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pXEL0PKEhT OF ELECTRICAL E9UATIONS : 

The mathematics which a r e  useful i n  both systems (and indeed 

permit t h e  analogy)  a r e  a s p e c i a l  form of t h e  one dimensional  wave 

e q u a t i o n s .  In  e l e c t r i c a l  t m n s m i s s i o n  lines, t h e  parameters  of 

inductance and c a p a c i t a n c e  cannot be  adequately t reated as  lumped 

parameters .  Rather  t h e  in3uctance and capac i t ance  must be cons ide red  

a s  d i s t r i b u t e d  parameters .  

d i f f e r e n t i a l  e q u a t i o n s  known as the '  "telephone equations".  

T h i s  c o n s i d e r a t i o n  g i v e s  r ise t o  t h e  p a r t i a l  

These 

e q u a t i o n s  a r e :  

where L and C are  g iven  i n  terms of  u n i t  l eng th  and no t  as  lumped 

parameters .  

For  t h e  s p e c i a l  c a s e  i n  which t h e  series R and t h e  shunt  G = 0, 

or  where t n e  terms invo lv ing  e and 9 o r  i and 3 a r e  small 

compared t o  the teriiis con ta in ing  -e$ and $?$ : t h e  "telephone 

e q u a t i o n s "  (1) and ( 2 )  reduce t o :  

In t h e s e  one dimensional  m v c  equa t ions  t h e  q u a n t i t y  

h a s  t h e  dimensions of v e l o c i t y  and  i s  r e l a t e d  t o  t h e  v e l o c i t y  of 

e l e c t r o m a g n e t i c  propagat ion of a wave along t h e  t r ansmiss ion  line. 

I n  r e f e r e n c e  2, t h e  one dimensional wave e q u a t i o n s  (3)  and ( 4 )  

a r e  g i v e n  i n  t h e  form: 
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The ( A x I 2  terns are used t o  indicate t h a t  the values for  Le 

a n d  C, are given per ,4 x lengths a n d  n o t  per u n i t  lengths a s  is the 

case i n  equat,ions ( 3 )  a n d  (4). When Ax is  a unit length then 

equations ( 3 )  atid (51, an+  equations (4) an6 ( 6 )  are ,  o f  coursc, 

ident ica 1. 

See references 4 G 5 f o r  more detailed discussion of the wave 

equations. 

The velocity of p r o p a g a t i o n  then becomes: 

(7) c = (Ax12 
where the subscript e i s  used _I_- 

tece 
e 

t o  refer  t o  "electrical".  
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* PEVELOPXlENT OF FLUID EOUATIONS: 

The  analoyous f l u i d  equa t ions  can proceed from the equa t ions  of 

Navier-Stokes.  The f i r s t  s t e p  t o  s impl i fy  ( o r  l i n e a r i z e )  these 

equa t ions  w i l l  be  t o  neg lec t  any e f f e c t s  t h a t  occur i n  any but  t he  

x - d i r e c t i o n .  

Navier-Stokes : 

( 8 )  

Thus, we may use but  one of the three equa t ions  of 

- a u  + & + + L O A  - - X - l a ,  +. a t  ;x d Y  $ 2  

Cy assumiilg nonviscous florv (p  = 01, equa t ion  (8) becomes the 

E u l e r i a n  equa t ion  of motion f o r  the x -d i r ec t ion :  

where X i n  both equa t ions  above represents the body f o r c e  per  

u n i t  vo 1 ume . 
I f  we assume t h a t  the e f f e c t s  of change i n  the  v e l o c i t y  a s  a 

f u n c t i o n  of the y and z d i s t a n c e s  a r e  n e g l i g i b l e  and t h a t  the  q u a n t i t y  

u is  smal l  compared t o  -& , the (9) reduces t o :  
a *  3 t  

I f  we f u r t h e r  assume t h a t  the body f o r c e s ,  X ,  ( g r a v i t y  o r  e l e c t r o -  

magnet ic  f o r c e s )  a r e  0, t h e n  equat ion  (10) s i m p l i f i e s  t o :  

V!e now t a k e  t h e  a d i a b a t i c  gas  law: 

( 1 2 )  (Po + p )  ( V  t ?-)a = P0V 8 

where dv i s  the  a r l i aba t i c  exponent and i s  = cp/cv ,  and where 

is t h e  change i n  volume. 

111-11 



Equation (12)  can be expressed  as: 

by expanr'ing a n d  igco r ing  second order  t e rms ,  

(14)  (1 + -  *,) ( 1 + 
'r ...) = 1 

0 

I f  we assume t h a t  p i s  ve ry  small  compared t o  Po and t h a t  

i s  very small  compared t o  V (and, t h e r e f o r e ,  the products  a r e  n e g l i g i b l e )  

t h e n  wc can w r i t e :  

(15 )  _D = - ,--. a l Z -  
PO V 

Taking the time d i f f e r e n t i a l  equa t ion  (15)  becomes, 

(16) I L f L .  = - I.' , J  7- 
Po 3 t V d t  

S ince  the  mass of the gas  per  u n i t  volume is  c o n s t a n t ,  we can expres s  

( f, = p a r t i c l e  d i sp lacement ,  z =dk V 
3 x  

b u t ,  u = dL s o ,  

\ 2 t 
(17 )  d r  = & 

b t  3 x  
S u b s t i t u t i n g  equat ion  ( 1 4 )  i n t o  equa t ion  (171,  

(18 )  = - 1  - &  
d t  J, d x  

a n d ,  t h e r e f o r e ,  

2 x 3  t - I T  Po le 
(19)  3 %  - - 

S i m i l a r l y ,  we can write from (11)  

Combining equa t ions  (19) and (20) 

d 
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T h i s  equa t ion  i s  d i r e c t l y  analogous t o  t h e  form of equa t ion  

( 5 )  or  (61, and ana logous ly ,  c,, t h e  speed of sound is  
I /---- 

(22)  c;1 = / Po 
‘v P 

S i m i l a r l y ,  we can o b t a i n  

where ( 2 1 )  i s  the  vave e q u a t i o n  for t h e  p re s su re  wave and (23)  i s  t h e  

wave equa t ion  f o r  the p a r t i c l e  v e l o c i t y .  In a c o u s t i c s  t h e  symbol q = uA: 

where A i s  t h e  a r e a  and q i s  t h u s  de f ined  a s  t h e  volume v e l o c i t y  or t h e  

vo lumet r i c  f low.  Equat ion (23) ho lds  f o r  q a s  wel l  a s  f o r  u .  

The s i m i l a r i t y  between e q u a t i o n s  ( 5 )  and (211,  and between 

e q u a t i o n s  ( 6 )  and (23 )  per1nit.s us t o  proceed wi th  t h e  analogy i n  t h e  

s o l u t i o n s  of t h e  equa t ions  provided rve r e a l i z e  t h a t  t h e  accu racy  of 

t h e  r e s u l t s  a r e  l i m i t e d  by t h e  assumptions made in each case. 
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USE OF SOLJEION-OF TIJE V!AW EQUATIONS: 

Reference 2 .  using unspecified boundary  conditions, gives 

the solution of the e l ec t r i ca l  wave equations (5) and  (6) i n  the 

form:'  

( 2 4 )  E i  = E, cos IC, 1 -t- j 1, Zoe sin ke 1 

(25)  L i  = 1, cos ke  1 + j (E,./ZOe) s in  ke 1. 
and  

ivhere the subscript i refers  t o  i n p u t  or transmitter end and the 

subscript r refers  t o  receiving o r  o u t p u t  end; and  where I & E represent 

average ( r  .in. s .  va luvs : and where 

(26) k, = Lc/ e/ce or  the "wave nurliher"; and  where 

(27) ZOe = J./.--- or  the "characterist ic e l e c t r i c a l  impedance". 

Refercnce 2 describes the s imilar i ty  betxeen Ze and  Z, ( the 

e l ec t r i ca l  and  acoustic irnpcdance) by the formulas 

(20) Ze = e / i  e l ec t r i ca l  impedance. 

( 2 9 )  Z, = p/q acoustical  impedance. 

Inasmuch a s  the analogous forms of impedance are  i n  agreement, 

the complete analogy between the two systems i s  useful. A l l  tha t  i s  

necessary i s  t o  select  sui table  scale re la t ions  between the e l e c t r i c a l  

and f l u i d  parameters, then e i ther  system can be expressed or  fabricated 

i n  ternis of i t s  analog. 

See Reference 4 f o r  fur ther  de t a i l s  involving t h i s  same s o l u t i o n .  
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EXPEFIVLNTAL RLSULTS: -- 

Reference 2 r e p o r t s  on the comparison of a c t u a l  t e s t s  performed 

by coi ls t r l lc t jny a modified " e l e c t r i c a l  t ransr r i ss ion  l i n e "  ana log  of 

a combination of p ipes  and chambers. 

l i n e ,  s e v e r a l  s e t s  of c a p a c i t o r s  and  inductors  were used f o r  t h e  analog 

of each pipe and chamber (Sce F i g .  2 ) .  

b e t l e r  t h a n  ttic method of making an e l e c t r i c a l  analog of an a c o u s t i c  

syste,n by usinc; s i n g l e  lun~ped parnr.ieters of capac i t acce  anrl inductance 

t o  r e p r e s e n t  a c!~;~n~ber 01' pipe .  

Rather than  u s i n g  a t ransmiss ion  

T h i s  method i s  cons ide rab ly  

I ieference 1 d i s c u s s e s  the e f f e c t s  of us ing  lhe s i : iglc  lumped 

parameters  metliod. (Scc pages 2Gff ). Hcrc the analogous p a r m e t e r s  

a r e  used i n  a s i n g l e  parameter sense i n  a n  analogous c i r c u i t .  For 

example, a l l  of the d i s t r i b u t e d  a c o u s t i c  mass j n  a p ipe  i s  t r e a t e d  a s  

a s i n g l e  inclrictor an+ a l l  t he  a c o u s t i c  compliance i n  a chamber i s  

t r e a t e d  a s  a s i n g l e  c a p a c i t o r .  (See Fig.  1) If proper  c o r r e c t i o n  of 

the  Lumped parameters  a r e  macle f o r  the "end e f f e c t s "  of the p ipes  and 

chambers, AND IT thsvinve length o f  the  a c o u s t i c  d i s tu rbance  is  very  long 

w i t h  r e s p e c t  t o  t h e  pipe 1e;lqth ( s a y ,  20) t h e n  the lumped parameter 

approximation can be used. 

lumped parameters  i n  t h i s  manner, will give resirlts which a r e  g e n e r a l l y  

a c c u r a t e  t o  w i t h i n  about 107; of t h e  a c t u a l  a c o u s t i c  case .  

T h e  r e s u l t s  of c a l c u l a t i o n s  made using 

The  severe l i m i t a t i o n  of low frequency f o r  wh ch t h e  lumped 

parameters  c i r c u i t  can be used  as  a n  accu ra t e  ana log ,  can be p a r t i a l l y  

overconie by us ing  the d i s t r i b u t e d  parameters method of the t r ansmiss ion  

l ine .  

l ine  and of ob ta in ing  a complete desc r ip t ion  of the vary ing  l o s s e s  i n  

The mathematics of so lv ing  the wave equa t ions  f o r  the t ransmiss ion  
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A L ~ V E J  PAIlfl?%ZI&S irNALOG OF AN ACGUSTXC C I R C U I T  

FIGUK;;: 1. 
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sucJ1 a c i r c u  t f o r  ;I riirie range of f rcqucncies  may be diff icult .  

a l t e r n a t i v e  

u s i n g  sevcra  

then  t o  iii:ike f rcqucncy vs l o s s  rtieasurements. 

nietliod used i n  Reference 2 .  

The 

s t o  lliake a modified t ransmiss ion  l ine  ana log  (See F ig .  2 )  

inc’uctors and c a p a c i t o r s  f o r  each p ipe  and chamber and 

T h i s  is e s s e n t i a l l y  the 

In r e fc rbnce  2 ,  it i s  descr ibed  horu each p ipe  and chamber i s  

r ep laced  hy s e v c r a l  i i i i iuctors and capac i to r s  so a s  t o  approach the 

d i s t r i b u t e d  parameters  analog.  

by 6 i nduc to r s  n n d  a (1.04 inch Uiariieter by 32.3 inch 1oug volume is 

rep laced  by a network o i  5 inductors  and 6 c a p a c i t o r s .  

which has  been taken  froin Reference 2. 

For exainple a 23 inch p ipe  i s  r ep laced  

See F igu re  2 

Such a c i r c u i t  of inductors  and c a p a c i t o r s  can a c t u a l l y  be con- 

s t r u c t e d  and uscd as a lahol-atory analog of t h e  equ iva len t  a c o u s t i c  

c i r c u i t .  

The experinieii tal  rcsul ts  of t e s t s  comparing an a c o u s t i c a l  

c i r c u i t  w i t h  t he  above e l e c t r i c a l  analog gave results which a r e  shown 

i n  F igu re  3. Ficjure 3 i s  taken from Reference 2 .  

Excrpt f o r  t h e  d i f f e r c n c c s  i n  frequency and ampli tudes of t h e  

“peaks”,  the analoy va lues  are  qene ra l ly  w i t h i n  10% of the measured 

a c o u s t i c  va lues .  The d i f f e r e n c e s  t h a t  d o  occur  m u s t  be discussed. 

F i r s t ,  houever ,  l e t  us rcvicw the assumptions which were made t o  

permit the analogy t o  be nndc. 
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THE ASSUMPTICNS: - 
As iiientiotied i n  t h e  f i r s t  paragraph of page 4 ,  t h c  ana log  i s  

based on  c e r t a i n  c o n d i t i o n s  of f l u i d  i'low. 

t h e s e  c o n d i t i o n s  o r  assuiiiptions which have been liiade: 

Let u s  e x p l i c i t y  l i s t  

1. t i l l  a c o u s t i c  damping l o s s e s  a r e  z e r o .  T h i s  a l s o  imp l i e s  

t h a t  w a l l s  of t h e  p ipes  o r  chambers a r e  non-e l a s t i c .  

2 .  The pressirre  of t h e  a c o u s t i c  d i s t u r b a n c e  i s  sinal1 compared 

t o  t h e  p r e s s u r e  of t h e  f l u i d .  A p should  be less  t h a n  

1/20 of P". 

3. The change i r i  voluilie of t h e  f l u i d  i s  smal l  compared t o  t h e  

t o t a l  voliimc. CV s h o u l d  be less  than  1/20 Vo.  

4 .  The f l u i d  i s  deformable only  i i i  one d i r e c t i o n  (a long  

t h e  pike.  

The mean o r  ave rage  f low of t h e  f l u i d !  i s  assumed t o  be zero .  5 .  

F u r t h e r  a s s w p t i o n s  a r e  iiiatlc tvith r e s p e c t  t o  t h e  e l e c t r i c a l  

equa t ions :  

1. The s e r i e s  r e s i s t a n c e  of t h e  Lransmission l i n e  and t h e  

conGuctance t o  ground a r c  e q u a l  t o  ze ro .  Or, 

2 .  Thc tcrms invo lv ing  e and i t s  f i r s t  p a r t i a l  time d e r i v a t i v e ,  

and i and i t s  Cirst p a r t i a l  time d e r i v a t i v e  a r e  sinal1 

compared t o  the terms involv ing  t h e i r  second p a r t i a l s  wi th  

r e s p e c t  t o  time. 

3. The inductance  and c a p a c i t a n c e  i s  d i s t r i b u t e d  a long  t h e  

t r ansmiss ion  l i n e .  

Keeping t h e s e  assumptioiis a t  hand, l e t  us  a g a i n  look a t  t h e  

accuracy. 
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L EXPERlMENTAL ACCURACY: 

Gefcrence 2 givcs us some idea a s  t o  the adequacy of the analogy 

f o r  frequencies wherc o n l y  l o n g i t u c l i q a l  vibrations are present. I n  

par t icu lar ,  the curves reproduced i n  Figure 3 show t h a t  an  e r ror  of 

80V~ i s  made i n  value of peak power. Frequency wise maxiinum errors  

of less t h a n  10% occur. Cverall,  the avreentent of the two curves are 

qood ( r u l  t h  i n  a b o u t  l@J . 
P a r t  of the d i f f icu l ty  i n  obtaining more nearly perfect experimental 

r e su l t s  i s  the problem of the "Q" of the c i r c u i t s  i n  both cases. T h i s  

problem i s  re la ted t o  the resistaiice losses i n  both cases and  the 

inabi l i ty  of the a n a l o g  i n  i t s  sinipliest form of hanr! l ing  the "losses". 

The problem of f l u i d  resistance versus e l ec t r i ca l  resistance i s  complex 

and beyond the scope of t h i s  memoranc'urn. Suffice t o  say, t h a t  o n l y  

i n  very specialized cases is  the resistance i n  a f l u i d  c i r cu i t  a l inear 

function of the f low.  (There i s  n o t  a clependable Ohm's law expression 

for  f lu ids  similar t o  E = I R .  

Further inaccuracies are soon apparent w i t h  higher frequencies. 

The frequency l i m i t a t i o n  of t h I s  modified dis t r ibuted parameter 

technique (and  a lso of  a pure distributed parament case) occurs a t  

those frequencies f o r  which the acoustic wave length i s  of the same 

order of magnitude a s  the pipe dizmeter. 

of the f i r s t  transverse vihration, f l u  as expressed by: 

This defines the frequency 

(30) f10  = 0.536 c/D where f10 i s  t h r  €reqiiency of the 

lowest transverse vave, c i s  the speed of sound, and D i s  the diameter 

of the  pipe. For a one inch pipe a t  standard atmospheric pressure 

=  ̂ 8,500 cps and for  a 1/8 inch pipe 110 h 68.000 cps. f10 
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i?t frequei:cies nea r  f10 and for larger v a l u e s  of f ,  v a r i o u s  

modes of v i b r a t i o n  occur w i t h  a corresponding l a r g e  change i n  t h e  

t ransmiss jo i i  c l i a r a c t c r i s t  i c s  of the p i p e .  T h e r e f o r e ,  t h e  e l e c t r i c a l  

ana log  c e a s e s  t o  be u s e f u l  ;bo;re f19. 

Three  t r a n s v e r s e  moCcs of v i b r a t i o n  a r e  shown i n  F i g u r e  4 .  The 

modes and t h e i r  harmonics begin  t o  become nuincrous as f becomes l a r g e r  

than  f 

Tlicre i s  some s i m i l a r i t y  between modes of v i b r a t i o n  of a c o u s t i c  

waves j n  a p ipe  and the modes of t r a n s m i s s i o n  of e lec t romagne t i c  

f i e l d s  i n  wave gui t ies .  Hoiuever, il d i s c u s s i o n  of the adequacy of such 

a p o s s i b l e  extcnded analog has n o t  been made a p a r t  of t h i s  t e c h n i c a l  

memorandim. 
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CONCLUSIONS & RECOMMENDATIONS: 

The purpose of t h i s  t e c h n j c a l  niemoranc'um has  been t o  e v a l u a t e  

' t he  use fu lness  of t h e  e l e c t r i c a l  .\r.alog of f l u l t i  c j r c u i l r y  t o  the  

des ign  engincer  working i n  t h e  new f i e l d  01 f l u i d  l o g i c  dev ices .  I f  

t h e  analoy i s  good ,  t h e  desirJn engjneer  can u s c f u ? l y  employ t h e  c l e c t r i c a l  

equa t ions  with which h e  may be f a m i l i a r  t o  the problems of improving 

the  des ign  of f l u i d  l o g i c  dev ices .  

T h r r c  a r c  t v o  phenomena i n  the  t r ansmiss ion  of in format ion  

along a p i p e :  t h e  a c o u s t i c a l  d i s tu rbance  o r  s o n i c  have,  and the mean 

f low of the € l u i d .  The f l u i d  l o g i c  desigi ier  will, of course ,  be 

coiicerned with both phenoniena. It is  important  t o  note  t h a t  t h e  

analog explored  i n  th i s  paper d e a l s  b y  t l e f i n i l i o n  n i t h  a s o n i c  wave 

ani? ncr j lccts  the cf fcct  of t h e  nican flow. 

T h i s  t e c h n i c a l  meinorandurn w i l l  s e r v e  t o  i l l u s t r a t e  t h a t  the 

mathernat i c a l  t r e a t n e n t  of the t r a n s i e n t  c h a r a c t e r i s t i c s  of f l u i d  f low,  

e i t h e r  by ana log ,  o r  d i r e c t l y ,  involves  r a t h e r  complex d i f f e r e n t i a l  

equa t ions .  

c i r c u i t s ,  bu t  useless f o r  dca l ing  w i t h  the n a t u r e  of the mean f l u i d  

flow. 

The a;ialog approach i s  f a i r l y  a c c u r a t e  f o r  c e r t a i n  a c o u s t i c  

T h e  e l e c t r i c a l  analoy t o  f l u i d  florv will be of va lue  f o r  t h e  

design engineer  when faced  w i t h  a c o u s t i c  c i r c u i t s  and w i t h  impechnce 

problems, provided the range of f r equenc ie s  does n o t  exceecj the 

frequency 01 t hc  f i r s t  t r a n s v e r s e  niocle of a c o u s t i c  t r ansmiss ion .  

Due t o  the cons ide rab le  d i f f e r e n c e s  i n  the b a s i c  equa t ions  r e l a t i n g  

t o  f l u i d  f low and t o  e l e c t r i c a l  c i r c u i t r y ,  u s e f u l  a n a l o g i e s  between t h e  

two f i e l d s  w i l l  probably be d i f f i c u l t  t o  c o n t r i v e .  C u r r e n t l y  used 

ana logies  have l i t t l e  o r  l i m i t e d  usefulness t o  t h e  f l u i d  l o g i c  c i r c u i t  

des igner .  
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rue t o  he  complex n a t u r e  of he equat ions  of motion f o r  f l u i d  

f low aiid t h e  newness of the f l u i d  l o g i c  f i e l d ,  there i s  a g r e a t  l.ack 

of e i t he r  mathemat i c n l  o r  exper imenta l  bodies of knor.ledge t o  which 

the  des ign  ecg inee r  can appea l  f o r  answers. However, t h e r e  does 

e x i s t ,  i n  the  f l u i d  dyiiarnics l i t e r a t u r e ,  many r e p o r t s  and papers  which 

bea r  on p o r t i o n s  of the  problems which f a c e  the f l u i d  l o g i c  des ign  

eng inee r .  It i s  t o  th i s  e x i s t i n g  boc'y of Imouledge, r a t h e r  t han  t o  

the contr ivccl  ana logs ,  t h a t  the des ign  engineer  should perhaps arcdress 

h i s  s tudies .  

I n  c o n s l a s i o n ,  it nay be poin ted  out t h a t  the t r ansmiss ion  of 

in format ion  by f l u i d  f low means aiit! the t r a n s i e n t  phcnomena which 

must be understood if we a r e  t o  do  r e a l  engineer ing  des ign  work, is 

perhaps b e s t  approached from t h e  matilematical po in t  of view. The 

s tudy  of t h e  motion of i d e a l  p i s t o n s  and t h e  r e s u l t a n t  a c o u s t i c  and 

f low p a t t e r n  which r e s u l t  i s  a p o s s i b l e  f r u i t f u l  approach. It i s  

recommended t h a t  the l i t e r a t u r e  be searched f o r  i n fo rma t ion  of s t u d i e s  

which have been performed i n  t h i s  regard ,  and t h a t  f u r t h e r  s t u d i e s  

be  conctucted which w i l l  add t o  t h e  e x i s t i n g  bogy of knowledge i n  

th i s  f i e l d  of t r a n s i e n t  a n a l y s i s  of f l u i d  f low.  

(References  6 & 7 d i s c u s s  problems of f l u i d  t r a n s i e n t  propagat ion  i n  
p ipes .  1 
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